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Abstrat. We propose a general lass of �exible models for longitudinal data with speial

emphasis on disrete-time survival data. The model is a �nite mixture model where the

subjets are allowed to move between omponents through time. The time-varying proba-

bilities of omponent memberships is modeled as a funtion of subjet-spei� time-varying

ovariates. This allows for interesting within-subjet dynamis and manageable omputa-

tions even with a large number of subjets. Eah parameter in the omponent densities

and in the mixing funtion is onneted to its own set of ovariates through a link fun-

tion. The models are estimated using a Bayesian approah via a highly e�ient Markov

Chain Monte Carlo (MCMC) algorithm with tailored proposals and variable seletion in

all set of ovariates. The fous of the paper is on models for disrete-time survival data

with an appliation to bankrupty predition for Swedish �rms, using both exponential and

Weibull mixture omponents. The dynami mixture-of-experts models are shown to have an

interesting interpretation and to dramatially improve the out-of-sample preditive density

foreasts ompared to models with time-invariant mixture probabilities.
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1. Introdution

We propose a mixture model for �exible modeling of longitudinal data. Our model belongs

to the mixture-of-expert type of models �rst proposed by Jaobs et al. (1991) and Jordan

and Jaobs (1994). In partiular, we extend the lass of Generalized Smooth Mixture (GSM)

models presented in Villani et al. (2009) and Villani et al. (2012) to a longitudinal data

setting. Villani et al. (2012) generalizes the Smoothly Mixing Regression (SMR) model in

Geweke and Keane (2007). The key features of our approah are: i) subjets are allowed to

move between mixture omponents over time, ii) the within-subjet dynamis is modeled by

letting the omponent membership probabilities be funtions of subjet-spei� time-varying

ovariates, and iii) an e�ient Bayesian inferene methodology using MCMC with variable

seletion.

Our methodology applies to essentially any mixture omponents, but most of the artile

will fous on mixture omponents for disrete-time survival (duration) data, in partiular

the exponential and Weibull omponents used in our appliation to �rm bankrupty. For a

general introdution to survival models, see e.g. Miller et al. (1981). Ibrahim et al. (2005)

provides an introdution and overview of Bayesian modeling in the �eld.

Finite mixtures are useful for modeling unobserved heterogeneity in many �elds, see the

examples in the referened artiles above, and Frühwirth-Shnatter (2006) for a general in-

trodution to �nite mixture models. Mixture models are also used in model based lustering.

Given the longitudinal dimension of our data this paper is losely related to lustering panel

data in form of relatively short time series. A reent survey on model based lustering of

time series is given in Frühwirth-Shnatter (2011). A main di�erene between this literature

and our approah is that we allow for the possibility of subjets to move aross lusters over

time.

Our main fous in this paper is on using dynami mixture-of-experts models for analyzing

survival data. One of the �rst regression models for survival data is the Proportional Hazards,

or Cox regression model introdued in Cox (1972). The restritiveness of the proportionality

assumption and the inability to apture unobserved heterogeneity has lead researhes to
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develop more �exible models. Frailty models, whih is a variant of a multipliative random

e�ets model, are muh used in the literature. Introduing an unobserved random variable

(the frailty) whih ats multipliative on the hazard an give a heterogeneous e�et that vary

aross individuals or groups. A ommon pratie is to assume a parametri distribution for

the ontinuous frailty. Early referenes are Lanaster (1979) and Vaupel et al. (1979). Mosler

(2003) surveys the theory and appliations of these models in Eonometris. Reent work by

Huynh and Voia (2009) assumes a �nite mixture for the frailty distribution to apture a wide

variety of funtional shapes. Alternatively, �nite mixture models o�ers a rih model lass

where some of the restritive assumptions in the traditional survival models an be relaxed.

MLahlan et al. (1994) provides a survey on the role of �nite mixture models in survival

analysis. Finite mixture of survival models are losely related to frailty models whih is most

easily seen when the distribution of frailty is disrete and �nite. The intuitive interpretation

of �nite mixtures ombined with the apability of modeling frailties makes it an interesting

framework for analyzing omplex data strutures in survival analysis.

In most eonomis and soial sienes appliations, time is measured disretely (Allison,

1982). Examples inlude labor eonomis when studying the duration of individual unem-

ployment measured e.g. in weeks (Carling et al., 1996), or eduational researh where the

data is often reorded in shool years (Singer and Willett, 1993). In our appliation we

model time to bankrupty (in years) for nasent �rms. There are several advantages with

the disrete time framework. One is that time dependent ovariates easily an be inor-

porated. Another is that the proportionality assumption in Cox regression models an be

relaxed by allowing the e�et of a preditor to be di�erent aross time periods. Singer and

Willett (1993) provides more arguments why one should onsider disrete time survival mod-

els. Heterogeneity has not been explored as muh in the disrete time framework. Notable

exeptions are the ontinuous frailties in Xue and Brookmeyer (1997) and the �nite mixture

approah in Muthén and Masyn (2005).

Our artile extends Muthén and Masyn (2005) in the following diretions. First, we

allow subjets to be lassi�ed to potentially di�erent mixture omponents at eah time
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period (dynami mixture) while Muthén and Masyn (2005) restrit eah subjet to belong

to one and only one mixture omponent during its exposure time (stati mixture). Seond,

we use the Bayesian paradigm and Markov Chain Monte Carlo (MCMC) to estimate the

model. This allows us to use Bayesian variable seletion to obtain model parsimony and give

insights on importane of ovariates in di�erent parts of the model. Our approah an also

be straightforwardly extended to inlude the general latent variable (fator analysis) part in

Muthén and Masyn (2005).

This paper is organized as follows. Setion 2 presents the longitudinal mixture-of-experts

models in a general setting. In Setion 3 we review neessary onepts of survival analysis

in ontinuous and disrete time and introdue two models for the disrete survival time.

The struture of the data and likelihood is partiularly highlighted. Setion 4 applies the

framework in Setion 2 to disrete-time survival models. Setion 5 disusses the inferene

methodology. Priors are introdued in all parts of the model and the general MCMC algo-

rithm with variable seletion is presented. Setion 6 illustrates the methodology by modeling

the bankrupty risk for nasent Swedish �rms. Setion 7 disusses future researh and on-

ludes.

2. mixture-of-experts models for Longitudinal data

In the standard non-longitudinal framework a smooth �nite mixture density with K om-

ponents an be formulated as

p(yi|xi, β, γ) =
K
∑

k=1

wk(zi|γk)pk(yi|xi, βk), i = 1, ..., n,(2.1)

where wk(z|γk) denotes the mixing probability and an be interpreted as the prior prob-

ability of belonging to the kth omponent density. Both x and z are vetor of ovariates

whih may be overlapping. When wk(z|γk) is the multinomial logit with γ1 = 0 this is the

Generalized Smooth Mixture (GSM) model in Villani et al. (2012). To simplify inferene

with the Gibbs sampler, augmented data s1, s2, . . . sn is introdued so that si = k means

that the ith observation belongs to the kth omponent. The model in Equation (2.1) an
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then be formulated as

yi|(si = k, xi, βk) ∼ pk(yi|xi, βk)

P (si = k|zi, γk) = wk(z|γk).

To extend to a longitudinal mixture the following notation is introdued. Assume sub-

jet i has been observed over ni time periods. Let yi = (yi1, . . . , yini
)T ∈ R

ni×1
, xi =

(xi1, . . . , xini
)T ∈ R

ni×px
and zi = (zi1, . . . , zini

)T ∈ R
ni×pz

. Let vi ∈ R
pv×1

denote the time-

invariant preditors and si ∈ {1, . . . , K}ni
where sij = k if the subjet belongs to omponent

k at time period j. The longitudinal dimension allows for two main spei�ations of s:

sij = k for all j or sij = kj where kj ∈ {1, 2 . . .K}. We refer to the former as a stati mixture

and the latter as a dynami mixture.

Stati mixture. The stati mixture model is a �nite mixture on the joint distribution of yi,

i.e.

p(yi1, yi2, ..., yini
) =

K
∑

k=1

wkpk(yi1, yi2, ..., yini
)

=

K
∑

k=1

wkpk(yi1)pk(yi2|yi1) · · · pk(yini
|yi1, yi2, ..., yi(ni−1))(2.2)

and the dependene on ovariates and parameters is suppressed everywhere to save spae.

The ovariates xij and vi both enter in the omponent models, while the mixing funtion is

only a funtion of vi;it is learly not possible to have time-varying ovariates in the mixing

funtion in a stati mixture. The mixing probabilities are modeled with the multinomial

logit

wk(vi) =
exp(vTi γk)

∑K

l=1 exp(v
T
i γl)

(2.3)

where γk ∈ R
pv×1

with γ1 = 0 for identi�ation. The model in Equation (2.2) expresses the

joint distribution. It is straightforward to show that the density at period t onditional on
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previous values is given by

p(yit|yi1, . . . , yi(t−1)) =

∑K

k=1wkpk(yi1) . . . pk(yi(t−1)|yi1, . . . , yi(t−2))pk(yit|yi1, . . . , yi(t−1))
∑K

k=1wkpk(yi1) . . . pk(yi(t−1)|yi1, . . . , yi(t−2))
.

(2.4)

In ontrast to the dynami mixture this model laks the nie interpretation that the ondi-

tional distribution at any given time period is a mixture of onditional distributions. The

latent variable formulation of the model in Equation (2.2) is

yi|si = k, xi ∼ pk(yi1) . . . pk(yi(ni−1)|yi1, . . . , yi(ni−2))pk(yini
|yi1, . . . , yi(ni−1))

P (si = k|vi) =
exp(vTi γk)

∑K

l=1 exp(v
T
i γl)

.(2.5)

The assumption of this model is that given the omponent membership, responses are only

assoiated with the preditors in xi.

Dynami mixture. Restriting a subjet to a single omponent over time may not be realisti

in some situations beause individual behavior may not be homogeneous over time. To

exemplify, onsider the modeling of �rm bankrupty. If the omponents an be interpreted

as high versus low risk for bankrupty, the assumption of being onstantly a risky or a safe

�rm is unrealisti. The eonomi surrounding and individual �nanial variables do hange

over time whih is likely to make the �rm more or less risky. It is therefore sometimes useful

to let subjets be lassi�ed at eah time period.

The obvious approah to a dynami mixture is to let si = {si1, . . . , sini
} follow a (hidden)

Markov hain, see Baum and Petrie (1966) and Kim and Nelson (2003). The posterior

sampling of si is then performed sequentially from the onditional distribution at eah time

point using e.g. Sequential Monte Carlo (SMC) (Douet et al., 2000). Suh an approah is

omputationally infeasible in many longitudinal appliations sine the SMC would have to

be performed for eah of the subjets, whih is learly not an option in our appliation to

�rm bankrupty. An alternative approah is to sample diretly from the joint distribution for
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eah si sequene (Franzén, 2008), but the sample spae of si grows dramatially with K and

the number of time periods so P (si|yi, xi, zi) quikly beomes omputationally intratable.

To overome these problems we suggest the following approah. Let {si1, . . . sini
} be an

independent sequene onditional on the path of time-varying ovariates zi, i.e.

P (si1 = k1, . . . sini
= kni

|zi1, . . . zini
) = P (si1 = k1|zi1) . . . P (sini

= kni
|zini

)(2.6)

for 1 ≤ ki ≤ K. The temporal dependene of si is thus indued by the ovariate path itself.

The strength of this approah is that given the ovariates (and other model parameters) the

omponent alloations an be sampled independently for all observations and time periods

in the Gibbs sampler, see Setion 5.2.

The dynami mixture model is formulated as

p(yi1, . . . , yi(ni−1), yini
) = p(yi1) . . . p(yi(ni−1)|yi1, . . . , yi(ni−2))p(yini

|yi1, . . . , yi(ni−1)),

where

(2.7) p(yit|yi1, . . . , yi(t−1)) =
K
∑

k=1

wk
itpk(yit|yi1, . . . , yi(t−1)), t = 1, ..., ni

and

wk
ij =

exp(zTijγk)
∑K

l=1 exp(z
T
ijγl)

,(2.8)

γk ∈ R
pz×1

with γ1 = 0 for identi�ation. Time invariant preditors vi might also be inluded

in zi. Persistene in omponent alloations over time an be ahieved by de�ning zij as an

exponential moving average of the time dependent ovariates xij

zit = αxit + (1− α)zi(t−1),

and zi1 = xi1, where 0 ≤ α ≤ 1, and α = 1 orresponds to no smoothing. Persistene

prevents a sudden hange in the explanatory variables to trigger an immediate realloation
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of the subjet; a sudden derease in a �rm's pro�ts may not immediately make it a high risk

�rm, but several onseutive years of losses might.

The latent variable formulation of Equation (2.7) is

yij|sij = k, xij ∼ pk(yij|yi1, . . . , yi(j−1))

P (sij = k|zij) =
exp(zTijγk)

∑K

l=1 exp(z
T
ijγl)

.(2.9)

The dynami mixture has the interpretation that the onditional density at a given time

period is a mixture of densities, as an be seen from Equation (2.7). The assumption of

this model is that given the omponent alloation at eah time-period, responses are only

assoiated with the x preditors at the given time-point.

3. Survival analysis

This setion gives a brief review of onepts in ontinuous time survival analysis and some

bakground on the extension to disrete time models emphasizing the onstrution of the

likelihood.

3.1. Continuous time framework. Let the random variable T c
denote the time to some

unrepeatable event. Assume for the moment that T c
is ontinuous with sample spae {t :

t ≥ 0} and has a distribution f(t|λ) parametrized by some parameter vetor λ. Subjet i

is right-ensored if the event has not been observed before the ensoring time T ∗
, and no

further information about subjet i is available after T ∗
. T ∗

is typially the end of the study,

but some subjet may leave the study early so T ∗
may vary aross subjet. Introduing ci = 1

if the ith subjet is ensored at time T ∗
i and ci = 0 otherwise, the likelihood deomposes as

L(λ) =

n
∏

i=1

f(ti|λ)
1−ciS(T ∗

i |λ)
ci.(3.1)



DYNAMIC MIXTURE-OF-EXPERTS 9

where S(t|λ) = P (T c > t|λ) is the survival funtion. A ommon way of representing the

distribution of T c
is through the hazard funtion

h(t|λ) = lim
∆t→0

P (t ≤ T c < t+∆t|T c ≥ t, λ)

∆t
,

=
f(t|λ)

S(t|λ)
.(3.2)

whih is the instantaneous rate of experiening the event given that it has not been experi-

ened yet. The survival funtion relates to the hazard funtion through

S(t|λ) = exp(−

ˆ t

0

h(u|λ)du).(3.3)

The extension to regression is made by inluding dependene of the distribution of T c
on

ovariates. As an example the Proportional Hazards model Cox (1972) is obtained by

h(t|λ, x) = h0(t) exp(x
Tβ) where x is the ovariate vetor, β the regression parameters,

and h0(t) is the baseline hazard.

3.2. Disrete time framework. Survival data are often observed in disrete time, for

example monthly or yearly, see e.g. Allison (1982) and Singer and Willett (1993). Assume

that a study is observed over J periods whih an be divided as (0, t1], (t1, t2], . . . (tJ−1, tJ ].

Let T c
denote the ontinuous random variable introdued in Setion 3.1. Let T ∈ {1, 2, ...}

be the disrete random variable reording the time period where the event ours, i.e. T = j

if T c ∈ (tj−1, tj ]. It is onvenient to express the joint likelihood of the data in terms of the

hazard, whih in disrete time is a probability hj = P (T = j|T ≥ j). It will later be useful

to express the hazard in terms of the survival funtion S(a) = P (T > a)

hj =
P (T > j − 1)− P (T > j)

P (T > j − 1)
= 1−

S(j)

S(j − 1)
,

(3.4)

where S(a) may be omputed by Equation (3.3) with h(t|λ) being interpreted as the hazard

rate of the ontinuous random variable underlying the disrete time variable T . Furthermore



DYNAMIC MIXTURE-OF-EXPERTS 10

the likelihood terms are expressed in form of hazards as

(3.5) P (T = j) =

(

j−1
∏

k=1

(1− hk)

)

hj ,

if the subjet experiened the event in time period j and

(3.6) P (T > j) =

j
∏

k=1

(1− hk)

if the subjet left the sample after time period j without experiening the event. Let the

ith subjets' hazard probability at period j be denoted hij(xij). Assuming n independent

subjets, the likelihood is expressed as

L =
n
∏

i=1

ni
∏

j=1

h(xij)
yij(1− h(xij))

1−yij ,(3.7)

where

yij =







0 if subjet i does not experiene the event at period j,

1 if subjet i does experiene the event at period j.

Singer and Willett (1993) and Shumway (2001) note that this likelihood has the same form

as regression for binary data with h−1
as the link funtion. Note that the reording of data

is done through the binary representation of the response - if subjet i has ni periods then

the observation is reorded as a sequene {yij, xij}
ni

j=1. Whenever the subjet is ensored y

onsist of only zeros, and if the event is experiened the sequene is terminated by 1 at the

time period where the event took plae.

3.3. Survival models in disrete time. In this paper two di�erent models are onsidered;

a single parameter and a two-parameter model. The �rst, the exponential model, is derived

by assuming that T c ∈ Exp(λ) whih gives h(t|λ) = λ. Sine λ > 0 the link g(λ) = log(λ)

is suitable. Then

h(xij) = 1− exp(− exp(α + xT
ijβ)(tij − ti(j−1))).
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The seond, the Weibull model, is derived by assuming the Weibull distribution for T c
,

parametrized by f(t|λ, ρ) = ρλtρ−1 exp(−λtρ) whih implies S(t|λ, ρ) = exp(−λtρ) and there-

fore

h(λij, ρij) = 1− exp(−λij(t
ρij
ij − t

ρij
i(j−1))).

Beause both λ and ρ are positive the dependene on the ovariates are modeled through

log(λij) = αλ + xT
λij

βλ

log(ρij) = αρ + xT
ρij
βρ.

Note that the hazard probability of the Weibull model depends on the level of t, while it

only depends on the di�erene in t in the exponential model. Both these models an easily

be extended to allow for an e�et ηj to model �exible hazards, see our appliation in Setion

6.

4. Mixture-of-experts model for survival data

This setion presents the survival models that will be used as the omponents in the �nite

mixture. The dynami and stati mixture of survival models are presented using results in

Setion 2.

4.1. Component models. We haraterize the distribution by the hazard probability. The

hazard probability will depend on a set of model parameters φ1, . . . , φL. As in Villani et al.

(2012) eah parameter depends on a set of preditors through link funtions gl(φl) = xT
l βl

The expression of the likelihood of a given omponent is

L(β1, ..., βL) =
n
∏

i=1

ni
∏

j=1

h(xij |φ1, . . . φL)
yij (1− h(xij |φ1, . . . φL))

1−yij
(4.1)

where φl = g−1
l (xT

l βl).



DYNAMIC MIXTURE-OF-EXPERTS 12

4.2. Smooth mixtures of survival models. Setion 2 presents the dynami and stati

mixture in a general setting. Here it is restrited to disrete time survival data whih is

reorded as the binary vetor yi = {0, 1}ni
for the ith subjet.

Stati mixture. The general expression for this model is given in Equation (2.2). This is the

latent lass model onsidered in Muthén and Masyn (2005), but without the general latent

variable part and not restrited to the logit hazard model. The interpretation is that the

mixture is on the joint distribution of yi, i.e.

p(yi1 = 0, . . . , yi(ni−1) = 0, yini
= ci) =

K
∑

k=1

wkpk(yi1 = 0, . . . , yi(ni−1) = 0, yini
= ci)

=

K
∑

k=1

wk

(

ni−ci
∏

j=1

(1− hk
ij)

)

(hk
ini
)ci(4.2)

where ci ∈ {0, 1} is the ensor indiator and the dependene on ovariates and parameters

is suppressed everywhere to save spae. In the omponent model hk
ij = hk(xij , vi) while the

mixing funtion wk = wk(vi). The mixing probabilities are modeled with the multinomial

logit as in Equation (2.3).

The hazard probability at period t is the equivalent of the onditional density in Equation

(2.4), i.e.

p(yit = 1|yi(t−1) = 0) =

∑K

k=1wk

(

∏t−1
j=1(1− hk

ij)
)

hk
it

∑K

k=1wk

∏t−1
j=1(1− hk

ij)
.(4.3)

Note that the overall hazard at any given time period is not a mixture of hazard probabilities.

The marginal e�et of a ovariate xt (whih does not enter in the mixing funtion) is easily

omputed as

d

dxt

ht(xt) =

∑K

k=1wk

∏t−1
j=1(1− hk

ij)
(

d
dxt

hk
t (xt)

)

∑K

k=1wk

∏t−1
j=1(1− hk

ij)
.
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The latent variable formulation of the model in Equation (4.2) is

yi|si = k, {xij}
ni

j=1 ∼

(

ni−ci
∏

j=1

(1− hk
ij(xij))

)

(hk
ini
(xij))

ci

P (si = k|vi) =
exp(vTi γk)

∑K

l=1 exp(v
T
i γl)

.(4.4)

Dynami mixture. The general dynami mixture model in Equation (2.7) an be formulated

in terms of hazards as

p(yi1 = 0, . . . , yini
= ci) = p(yi1 = 0) . . . p(yini

= ci|yi(ni−1) = 0)

=

(

K
∑

k=1

wk
i1(1− hk

i1)

)

. . .

(

K
∑

k=1

wk
ini
(hk

ini
)ci(1− hk

ini
)1−ci

)

(4.5)

where hk
ij = hk(xij , vi) and w

k
ij follows the multinomial model in Equation (2.8). The dynami

mixture thus has the interpretation that the hazard at a given time period is a mixture of

hazards.

The marginal e�et of ovariate xt, on the hazard when zt = αxt + (1− α)f(xt−1, . . . x1),

is given by

d

dxt

ht(xt) =

K
∑

k=1

α
d

dzt
(wk(zt)) h

k
t (xt) + wk(zt)

d

dxt

hk
t (xt),

where the derivative of the multinomial logit is

d

dzt
(wk(zt)) = wk(zt)

[

γk −

K
∑

l=1

wk(zt)γl

]

.

The latent variable formulation of Equation (4.5) is

yij|sij = k, xij ∼







1− hk
ij(xij), yij = 0

hk
ij(xij), yij = 1

P (sij = k|zij) =
exp(zTijγk)

∑K

l=1 exp(z
T
ijγl)

.(4.6)
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5. Inferene

We adopt a Bayesian approah to inferene and use a Metropolis-within-Gibbs sampler

with variable seletion to sample from the posterior distribution. The sampler utilizes the

gradient and Hessian of the full onditional posterior to onstrut tailored proposals.

This setion is organized as follows. First, prior distributions are introdued in all parts

of the model. These priors are simple and the user only needs to speify prior beliefs about

salar parameters. Then the general MCMC sheme is illustrated, followed by a setion

desribing the algorithm that onstrut tailored proposals for e�ient inferene. Finally, the

method for hoosing the number of omponents is explained.

5.1. Prior Eliitation.

5.1.1. Components. We use the prior onstrution initially developed in Ntzoufras et al.

(2003) for the Generalized Linear Model (GLM) and subsequently re�ned and extended

in Villani et al. (2012) to GSM models. Assume a omponent model with a single model

parameter λ and a link funtion g suh that g(λ) = αλ + xTβλ. We �rst disuss the prior

on the interept. Start by standardizing the ovariates to have mean zero and unit standard

deviation. The interept αλ is then g(λ) at the mean of the original ovariates. Assume that

αλ ∼ N(mλ, s
2
λ) and the task is to �nd mλ and s2λ by eliiting a suitable prior on the model

parameter λ with mean and variane spei�ed by the user, say E(λ) = m∗
λ and V (λ) = s∗2λ .

In the simplest example, with the identity link, λ ∼ N(m∗
λ, s

∗2
λ ) transforms diretly to

αλ ∼ N(mλ, s
2
λ) with mλ = m∗

λ and s2λ = s∗2λ . In the ase with a log-link, a suitable

prior on λ is the log-normal density with mean m∗
λ and variane s∗2λ whih transforms to

αλ ∼ N(mλ, s
2
λ) with s2λ = log

[( s∗
λ

m∗

λ

)2
+ 1
]

and mλ = log(m∗
λ)− s2λ/2. For more ompliated

links it is a simple exerise to derive the implied distribution of αλ and then use numerial

optimization methods to �nd the parameters in the normal prior, mλ and sλ, that minimizes

the Kullbak-Leibler distane between the distribution of λ and α.

The regression oe�ients in βλ are assumed to be a priori independent of αλ with βλ ∼

N(0, cλΣλ). Here Σλ = (W T D̂λW )−1
, where W is the matrix of ovariates exluding the
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interept and D̂λ is the onditional Fisher information for λ evaluated at the prior modes of

αλ and βλ, whih is the vetor β̂λ = (mλ, 0
T )T . Thus D̂λ depends only on the onstant mλ.

The onditional Fisher information for λ = (λ1, . . . λn)
T
is a diagonal matrix with elements

−E

[

∂2 log p(yi|λi)

∂λ2
i

]

g′λ(λi)
−2.

Setting cλ = n gives a unit information prior, i.e. a prior that arries the information equiv-

alent to a single subjet from the model. For the models in our framework D̂λ an not be

obtained analytially but is easily omputed by simulation. It is straightforward to extend

the argument to eliit priors for more than one model parameter. For details and examples

see Villani et al. (2012).

We allow for variable seletion in all ovariate sets in the model. For a given omponent

let the indiator variable I = {I1, . . . Ipx} be de�ned suh that Ij = 0 means that the jth

element in β is zero and the orresponding ovariate drops out. Let βI be the vetor of

non-zero oe�ients, and for any I let Ic
denote its omplement. We make the assumption

that the interept is always in the model. Let β ∼ N(0, cΣ) as disussed above for the

regression oe�ients. Conditioning on the variables that are in the model we obtain

βI |I ∼ N
[

0, c(ΣI,I − ΣI,IcΣ−1
Ic,IcΣT

Ic,I)
]

and βIc|I is identially zero.

5.1.2. Mixing funtion. For the vetor γ = (γT
2 , . . . γ

T
K)

T
(reall that γ1 = 0) we assume

γ ∼ N(0, cγI). It is also possible to use a prior with non-diagonal struture as above but

this is not pursued here. Variable seletion is done similarly as above by introduing the

indiator IZ for γ.

5.1.3. Variable seletion indiators. For both the omponent and the mixing parts of the

model the indiators are assumed to be a priori independent and Bernoulli distributed, i.e

P (Ii = 1) = π, 0 ≤ π ≤ 1 and π is allowed to be di�erent for eah model parameter. It is
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straightforward to let π be unknown and estimate it in a separate updating step as in Kohn

et al. (2001).

5.2. General MCMC sheme. Villani et al. (2009) experimented with di�erent algorithms

for �nite mixture models in a related setting. Their preferred algorithm is the one used in

this paper. The algorithm is a Metropolis within Gibbs sampler that draws the regression

parameters and variable seletion indiators jointly. Assume a omponent density with L

di�erent model parameters and K omponents. The following three bloks are sampled

(1) s

(2) γ, IZ

(3) {(β1, I1), . . . , (βL, IL)}
K
k=1.

How to sample s depends if it is a stati or dynami mixture. For the stati mixture

P (si = k|xi, vi, yi) ∝

(

ni−ci
∏

j=1

(1− hk(xij))

)

(hk(xini
))ci

exp(vTi γk)
∑K

l=1 exp(v
T
i γl)

(5.1)

independently for i = 1, . . . , N . For the dynami mixture, the full onditional of sij is

independent of all other sij, i = 1, ..., n and j = 1, ..., ni, and is of the form

P (sij = k|xi, zi, yi) ∝











hk
ij

exp(zTijγk)
∑K

l=1
exp(zTijγl)

if ci = 1 and j = ni

(1− hk
ij)

exp(zTijγk)
∑K

l=1
exp(zT

ij
γl)

otherwise.

(5.2)

Note that this allows us to sample sij independently for all i and j so this updating step is

very fast in omparison with Markov models of sij.

Conditional on s, Step 2 is a multinomial logisti regression with variable seletion. It is

possible to apply a generalization of the algorithm desribed in the next setion to handle

this updating step e�iently, see Villani et al. (2009) for details.

5.3. Variable-dimension �nite step Newton proposals. This setion presents how to

onstrut the tailored proposals for any omponent model presented in Setion 4.1 based

on the algorithm in Villani et al. (2009) and Villani et al. (2012), whih generalizes earlier

algorithms in Gamerman (1997), Qi and Minka (2002) and Nott and Leonte (2004). For
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lari�ation the algorithm is �rst presented in the ase with no variable seletion and then

extended. The only requirement is that the likelihood part of the posterior an be fatorized

as

p(β|y) =

N
∏

i=1

p(yi|φi)p(β)(5.3)

where φi = g−1(xT
i β). Note that there an be more than one model parameter and then

p(β|y) is a full onditional posterior distribution and the algorithm an be used as a Metropolis-

within-Gibbs step. After a proper relabeling of the produt in the likelihood in Equation

(4.1) it has the same form as the likelihood part in Equation (5.3). The proposal distribution

is tailored using an approximate posterior mode and the urvature around that mode. The

approximate mode is found by taking a few steps with Newton's algorithm. To implement

the algorithm we need the following results from Lemma 1 in Villani et al. (2012)

∂ log p(y|β)

∂β
= XT g̃(5.4)

where X is the ovariate matrix, g̃ = (g̃1, . . . , g̃n)
T
,

g̃i =
∂ log p(y|φi)

∂φi

g′(φi)
−1.

The outer-produt approximation of the Hessian is

∂2 log p(β|y)

∂β∂βT
≈ XTDX,(5.5)

where D = diag(g̃2i ). Villani et al. (2012) also derives expression for the exat Hessian but we

have found the outer-produt approximation to be more numerially stable for our problem.

Note that the Lemma only requires derivatives for the salar parameters of the log-likelihood

whih makes it possible to write general omputer ode and the user is only required to

ompute analytial derivatives for one-dimensional quantities. Newton's algorithm is

βr+1 = βr −A−1
r sr, r = 0, . . . , R(5.6)
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where sr and Ar is the gradient and Hessian of the log posterior, respetively. Using the

results above we have

sr = XT g̃ +
∂ log p(β)

∂β

Ar = XTDX +
∂2 log p(β)

∂β∂βT
.

Start with β0 = βc and let β̂ be the vetor obtained after R Newton steps. This is not

neessarily the mode but is often lose beause the previously aepted draw is used as

initial value. Setting R = 1, 2 or 3 is usually su�ient. Let βc ∈ R
px×1

denote the urrent

and βp ∈ R
px×1

the proposed posterior draw. The proposal distribution is a multivariate

t-distribution with ν ≥ 2 degrees of freedom, i.e

βp|βc ∼ tν

[

β̂,−

(

∂2 log p(β|y)

∂β∂βT

)
∣

∣

∣

∣

β=β̂

]

.

To extend the algorithm to variable seletion the pair (β, I) is proposed jointly onditional

on the previously aepted parameter and indiator. This proposal an be fatorized as

J(βp, Ip|βc, Ic) = J1(βp|Ip, βc)J2(Ip|βc, Ic)(5.7)

J1 is a generalization of the proposal for βp above and J2 is the proposal for the indiators.

Consider �rst the β proposal. Sine βc and βp may be of di�erent dimensions we use the

following generalized Newton algorithm from Villani et al. (2012)

βr+1 = A−1
r (Brβr − sr), r = 0, . . . , R(5.8)

where

sr = XT
r+1g̃ +

∂ log p(β)

∂β

Ar = XT
r+1DXr+1 +

∂2 log p(β)

∂β∂βT

Br = XT
r+1DXr +

∂2 log p(β)

∂β∂βT
,
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where Xr is the matrix with olumns orresponding to the non-zero oe�ients in βr, and

the likelihood part of the expressions are evaluated at β = βr. The prior parts are evaluated

at the entire vetor β (inluding the zero parameters) and then the sub-vetor onformable

with βr+1 is extrated from the result. Note that after the �rst step the parameter no

longer hanges dimension and the generalized Newton algorithm redues to the usual Newton

algorithm.

Following Villani et al. (2009) and Villani et al. (2012) we hoose a simple proposal of I

where a subset of the indiators is randomly seleted and a hange of the seleted indiators

is proposed, one variable at a time.

With these proposals the aeptane probability in the Metropolis Hastings algorithm is

α[(βc, Ic) → (βp, Ip)] = min

(

1,
p(y|βp, Ip)p(βp|Ip)p(Ip)/J1(βp|Ip, βc)J2(Ip|βc, Ic)

p(y|βc, Ic)p(βc|Ic)p(Ic)/J1(βc|Ic, βp)J2(Ic|βp, Ip)

)

.

The proposal density for β at the proposed point J1(βp|Ip, βc) is the multivariate t-density

with mode β̂ and ovariane matrix evaluated at β̂, where β̂ is obtained by iterating Equa-

tion (5.8) with β0 = βc. The proposal density at the urrent point J1(βc|Ic, βp) is also a

multivariate t-density but with mode β̃ and ovariane matrix evaluated at β̃, obtained from

the same iteration sheme but this time from initial value β0 = βp. The proposal density for

I at the urrent and proposed is the same for this simple proposal.

It is well-known that �nite mixtures have identi�ation problems beause the likelihood

is invariant with respet to permutations of the omponents. This is referred to as the label

swithing problem, see Frühwirth-Shnatter (2006) and Jasra et al. (2005). When estimating

the preditive density this is not a problem (Geweke, 2007) but if the model is used for model

based lustering one needs to proeed with aution. Plotting the MCMC samples may reveal

if there was a problem with swithing labels. Order onditions on the parameter spae may

be imposed to avoid the identi�ation problem, see Jasra et al. (2005).
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5.4. Seleting number of omponents. The key quantity for seleting models in the

Bayesian framework is the marginal likelihood whih allows to ompute Bayes fators and

determine the plausibility of one model against another. However, the marginal likelihood

may be sensitive to the hoie of prior distribution, espeially when the prior information

is vague. For a general disussion see Kass (1993) and Rihardson and Green (2002) in the

ontext of mixture models.

Following Geweke and Keane (2007) and Villani et al. (2009) we therefore hoose models

based on the log preditive sore (LPS). The LPS removes most of the dependene on the

prior by sari�ing a subset of the data to train the prior to get a posterior based on the

training data. If y
test

denotes the test data and y
train

the training data then the LPS is

p(y
test

|y
train

) =

ˆ

p(y
test

|θ)p(θ|y
train

)dθ

if the test and training data are independent onditional on θ, whih is the ase in our

longitudinal setting sine the entire time series for a single subjet belongs to either the

test or training set. To deal with the arbitrary division into training and test data, a ross

validated version of the LPS is used

LPS =
1

B

B
∑

b=1

log p(ỹb|ỹ−b, x),

where ỹb is the test data in the bth test sample and ỹ−b denotes the training data. Sine

subjets are independent onditional on the parameters

p(ỹb|ỹ−b, x) =

ˆ

∏

i∈τb

p(yi|θ, xi)p(θ|ỹ−b)dθ,

where τb ontains the index set of the observations in the test data for the bth sample.

p(ỹb|ỹ−b, x) is easily omputed by averaging

∏

i∈τb
p(yi|θ) over the posterior draws p(θ|ỹ−b).

This requires sampling from B posterior distributions based on di�erent training data but

an be done independently for eah data set so omputer parallelism may be exploited.
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As a very rough rule of thumb, a di�erene in LPS between 3 and 5 between two models

is usually said to be strong evidene in favor of one model, and a di�erene of more than

�ve LPS points is very strong evidene (Kass and Raftery, 1995).

6. Appliation: modeling Firm Bankrupty risk

6.1. Data. Our data set ontains yearly observations for Swedish �rms in the time period

1991-2008 on bankrupty status, �rm-spei� variables and two maro variables. This data

set has been analyzed in Jaobson et al. (2011) and Giordani et al. (2013). Jaobson et al.

(2011) uses a similar approah as Shumway (2001) with a multi-period logit model extended

with maro eonomi variables. Giordani et al. (2013) extend by modeling the log odds

of the �rm failure probability as a non-linear funtion of ovariates by introduing spline

funtions. They show substantial improvements in preditive power as a result of aounting

for nonlinearities. The present paper onsider the same preditors as in Giordani et al. (2013).

These are three �nanial ratios, two �rm-spei� ontrol variables and two maroeonomi

variables. The �nanial ratios are: EBIT/TA - earnings before interest and taxes over total

assets (earnings ratio); TL/TA - total liabilities over total assets (leverage ratio) and CH/TL

- ash and liquid assets over total liabilities (ash ratio). The ontrol variables are: logTS

- logarithm of de�ated total sales and logAge - logarithm of �rm age in years sine �rst

registered as a orporate. Finally the maroeonomi variables inluded are: GDPG - yearly

GDP-growth rate and Repo - the interest rate set by Sveriges Riksbank (the Central bank

of Sweden). For a thorough desription of the data set, de�nition of bankrupty, and other

details see Giordani et al. (2013).

6.2. Models. Although the spline model aounts for nonlinearities in a �exible way it

has some drawbaks. First, the model assumes additivity, i.e. it rules out interations

between the ovariates, and the extension to spline surfae models with interations is not

omputationally realisti for a data set of our size. Seond, it an be hard to interpret spline

models as the nonlinearities are not themselves explained by other ovariates. Third, it

annot aount for heterogeneity oming from missing explanatory variables. Fourth, it an
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be omputationally demanding for moderate to large data sets when doing Bayesian inferene

via MCMC. This is beause the dimension of the ovariate spae an inrease dramatially

after expanding in basis funtions. Variable seletion an be used to keep the number of

e�etive parameters at a minimum, but inreases the omputational burden.

We propose to analyze bankrupty data for Swedish �rms with a �nite mixture of survival

models . Suh models an not only aount for heterogeneity and nonlinearities, but also

gives an interpretation of these features in terms of ovariates. A mixture model an also

be used for model based lustering whih gives insights about �rm dynamis. The use

of ovariates in the mixing funtion is extremely useful for understanding the role of the

di�erent mixture omponents. Many models in the bankrupty literature are speial ases

of our model. For example the models in Shumway (2001) and Jaobson et al. (2011) are

obtained with K = 1 and h(xij) =
exp xT

ijβ

1+exp xT
ijβ
. Likewise, the model in Giordani et al. (2013)

has the same struture but in addition x is expanded using spline funtions. It is even

possible to have K > 1 and use splines simultaneously as in Villani et al. (2009) for the ase

of heterosedasti Gaussian regression. This paper omits splines to stress the fat that the

�nite mixture itself an apture the non-monotoni relationships. Adding spline terms in

the mixture omponents would also inrease the omputing time dramatially.

We want eah �rm to have a sample spae t = {1, 2, . . . }. This requires ovariates for

eah observed time period, so we are restrited to onsider �rms with start-up year 1991

at the earliest. The analysis an be broaden to other type of �rms but then one has to

onsider missing data issues so this is not pursued here. Thus the population studied in

the present paper onsist of Swedish �rms that enter the sample in the period 1991-2008.

The dataset is huge with a total of 228, 589 �rms with 1, 670, 781 �rm-year observations,

on average 7.3 time-periods per �rm. To speed up omputing times, we shall here analyze

a randomly seleted subset of 11, 317 �rms with 82, 831 �rm-year observations, on average

7.3 time-period per �rm. We are urrently working on an extension of the MCMC methods

with the potential of handling essentially arbitrarily large data sets, but this will be reported

elsewhere.
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We estimate and ompare both stati and dynami mixtures and also a one-omponent

model with �exible baseline hazards. Two di�erent distributions for the survival time are

onsidered: exponential and Weibull as desribed in Setion 4.1. The Weibull models are

used with and without ovariates in the shape parameter ρ. Weibull models with ovariates

in ρ seems to be novel in the literature.

In all dynami mixtures, exponential moving average ovariates have been used to ahieve

persistene in omponent alloations over time, as desribed in Setion 2. The hoie α = 0.3

was justi�ed by omputing for a range of values for α and then hoose the one with highest

in-sample LPS sore. The hoie of α does not a�et the relative omparison between the

dynami and stati models. It is also possible to estimate α from the data but this is not

pursued here.

6.3. Priors. The prior for λ is log-Normal with E (λ) = 0.01405 (the empirial hazard for

another subset of the data) and D (λ) = 0.05 for both the exponential and Weibull model.

The additional parameter ρ in the Weibull model is also assigned a log-Normal prior with

E (ρ) = 1 and D (ρ) = 5. Note that ρ = 1 gives the exponential model. Both priors are

rather non-informative onsidering the sale and the log-link. The prior utilizing the Fisher

information desribed in Setion 5.1.1 is not needed in this partiular example beause of

the enormous amounts of data, and we therefore assume prior independene between the

regression oe�ients for simpliity. For the mixing funtion the shrinkage fator cγ = 10

gives a non-informative prior. The prior inlusion probability was set to 0.5 for eah variable

and in all parts of the model.

6.4. Algorithmi onsiderations. We use the Metropolis-within-Gibbs algorithm with

tailored proposals and variable seletion to sample from the posterior. The number of steps

in the variable dimension Newton algorithm R is set to 1 for the omponent model in all

parameters and 3 for the mixing funtion. The degrees of freedom in the multivariate t

proposal is set to 10, for both the omponent and the mixing part of the model. Eah

variable seletion indiator is proposed to hange with probability 0.2 in eah iteration of

the algorithm.
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For all ombinations of models in Setion 6.2, 20, 000 iterations with the MCMC algorithm

where performed and 5, 000 of them disarded as burn-in period, leaving 15, 000 draws from

the posterior distribution. The e�ieny of the sampler is measured by the ine�ieny

fator, whih is de�ned as

IF = 1 + 2
L
∑

l=1

ρl,

where ρl is the autoorrelation at the lth lag in the MCMC hain and L is an upper limit

suh that ρl ≈ 0 when l > L. IF-values near 1 suggests a very e�ient algorithm. We

monitor onvergene and measure performane using the umulative means and IFs for the

preditive mean E(y|x) over a grid of x-values. The LPS was omputed using B = 4 folds

of the data.

6.5. Results. As a �rst attempt to investigate the �t of the models, Figure 6.1 ompares the

models' implied hazard funtion ht(xt) as funtion of time to the empirial hazard rate. The

models' hazard probabilities have been omputed for eah of the �rms in the panel and then

averaged aross all �rms. The posterior unertainty regarding the hazard is illustrated with

a box plot omputed from the MCMC draws. In the ase of the exponential model (left ol-

umn), it is lear that the one-omponent model gives a very poor �t to the empirial hazard,

but then quikly improves as more omponents are added to the model. A two-omponent

exponential model gives a similar estimated hazard as a one-omponent model with �exible

baseline hazards (top right). The one-omponent Weibull model without ovariates in the

shape parameter ρ produes a similar hazard as the one-omponent exponential model, but

by adding ovariates in ρ the Weibull model an apture the non-monotoni relationship of

the empirial hazard fairly well.
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Figure 6.1. Hazard as a funtion of time for some models (box-plots) plotted

against the empirial hazard (red vertial lines).

Table 1. Log Preditive Sore (LPS) for the stati and dynami mixtures

omputed using 4-fold ross-validation. The best model for a given number of

omponents are in bold typefae.

Stati mixtures Comp 1 Comp 2 Comp 3

Exponential -1784.83 -1712.16 -1687.54

Weibull -1785.17 -1725.08 -1683.60

Weibull ovariates in ρ -1696.96 -1652.78 -1648.73

Dynami mixtures Comp 1 Comp 2 Comp 3

Exponential -1784.83 -1618.51 -1570.20

Weibull -1785.17 -1605.00 -1561.97

Weibull ovariates in ρ -1696.96 -1585.07 -1553.43

Exponential Flex Baseline -1686.41
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The assessment of model �t in Figure 6.1 is visually appealing, but is very muh a rather

limited marginal view of the data. We will now turn to a omparison of the models' Log

Preditive Sores (LPS), to ompare the out-of-sample foreasting performane of the mod-

els. Table 1 reports the LPS for stati and dynami mixtures, using either exponential or

Weibull omponents, with and without ovariates in the Weibull shape parameter. The

most striking result in Table 1 is the dramatially better out-of-sample preditive perfor-

mane of the dynami mixtures ompared to their stati ounterparts. As an example,

the three-omponents dynami mixture of exponentials is 117.34 LPS units better than the

three-omponents stati mixture of exponentials. Table 1 also reports the LPS of the one-

omponent exponential model with a free baseline hazard parameter estimated for eah year.

Using a �exible baseline hazard learly improves the LPS, but also this model is learly out-

performed by the dynami mixtures; the LPS di�erene between the �exible baseline model

and the three-omponent dynami mixture of exponentials is 116.21. This suggests that

these data are truly heterogeneous even after ontrolling for age and size e�ets and di�er-

ent baseline hazards.

Another interesting observation from Table 1 is that the LPS for the Weibull model im-

proves onsiderably when allowing for ovariates in both model parameters. This is true for

models with multiple omponents as well. Covariates in the shape parameter of the Weibull

is rare or perhaps even non-existent in pratial work, but this is learly an extension that

should be onsidered.

In all models, the LPS improves for eah added omponent but the rate of improvement

dereases. It is worthwhile to mention that variable seletion implies that adding omponents

does not neessarily give a more omplex model. See the Lidar example in Li et al. (2011)

for a lear demonstration of how variable seletion in mixture-of-experts models an be a

very e�etive guard against over�tting.

To illustrate some of the interpretations of our models, Tables 2-4 presents parameter

estimates for some seleted one- and two-omponent models. Data have been standardized

to have zero mean and unit variane for all ovariates, hene all parameter estimates are on
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the same sale. The posterior mean and standard deviation are omputed onditional on the

ovariate belonging to the model.

Table 2. Estimation results for exponential model with one omponent. IF:

min = 0.55, median = 1, max = 1.70.

Component 1

Interept Earnings Leverage Cash Size Age GDPG Repo

Post Mean -4.397 -0.258 0.25 -1.174 -0.02 0.399 0.057 0.1

Post Std 0.045 0.019 0.018 0.11 0.023 0.033 0.033 0.029

Post Inl Prob - 1 1 1 0.012 1 0.051 0.837

Mean A Prob 0.404

Starting with the results for the one omponent exponential model in Table 2, we see

that the most signi�ant variables are ash, age, earnings, and leverage, all with a posterior

inlusion probability of unity. The variable seletion e�etively removes size, GDPG, and to

some extent Repo. In this model, a positive sign orresponds to inreased hazard probability

as a variable inreases, and vie versa. For the Weibull model with ovariates in both

parameters in Table 3, the important ovariates in ρ are ash and age, both with a posterior

inlusion probability 1 and for the rest of the ovariates the inlusion probability is near

zero.

Table 3. Estimation results for Weibull model with one omponent and o-

variates in both parameters. IF: min = 0.92, median = 7.01, max = 14.5.

Parameter λ

Interept Earnings Leverage Cash Size Age GDPG Repo

Post Mean -4.985 -0.265 0.213 0.81 -0.04 1.971 -0.02 0.057

Post Std 0.244 0.022 0.02 0.073 0.026 0.118 0.026 0.028

Post Inl Prob - 1 1 1 0.029 1 0.014 0.063

Mean A Prob 0.712

Parameter ρ

Interept Earnings Leverage Cash Size Age GDPG Repo

Post Mean 0.231 0.021 -0.013 -1.07 -0.008 -0.782 -0.003 0.015

Post Std 0.093 0.015 0.014 0.071 0.008 0.04 0.009 0.009

Post Inl Prob - 0.007 0.01 1 0.002 1 0.004 0.016

Mean A Prob 0.788
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Moving to the dynami mixture of two exponential omponents in Table 4 it is evident

that the most signi�ant ovariates in the mixing funtion are age and ash. There is also a

posterior inlusion probability of 1 for GDPG and Repo, but the magnitude of their e�ets

are smaller. This means that the separation of the data into the two di�erent lasses is

mostly determined by age and ash. Our parametrization is suh that when age inreases it

is more likely to belong to the �rst omponent and the same holds for ash. To illustrate the

interpretation of the mixture models, let us onsider a newly founded �rm. Sine a newly

founded �rm is by de�nition of low age, suh a �rm tends to belongs to the seond omponent

with a large probability, everything else equal. Sine age has a large positive oe�ient in the

seond omponent, this young �rm will initially experiene a rapidly inreasing hazard as it

grows older. If the �rm manages to survive the early years, it will eventually move over to the

�rst mixture omponent where age is no longer a signi�ant determinant of the hazard. The

�rm has managed to survive the �rst risky years and an now grow older without aelerating

risk on aount of its age. Figure 6.2 shows the posterior alloation of �rms over their time:

�rms that have survived for a long time are lassi�ed to omponent 1 in their later time

periods, while �rms in early time periods are lassi�ed to the seond omponent. Cash has

a similar interpretation as age; with a large probability, a �rm with low ash belongs to the

seond omponent where the oe�ient on ash is strongly negative. This means that a

low ash �rm an drastially redue the bankrupty probability by inreasing its holdings of

ash. As the �rm ontinues to improve its liquidity, it will eventually reah a point where it

swithes over to the �rst omponent. In this omponent, ash remains a positive fator for

dereasing bankrupty risk, but its e�et is muh smaller.
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Table 4. Estimation results for a dynami exponential model with two om-

ponents. Covariates in the mixing funtion are exponentially moving averages.

Parameters in the mixing funtion orresponds to P (st = 2|zt). IF: min = 0.84,

median = 1.23, max = 110.84.

Component 1

Interept Earnings Leverage Cash Size Age GDPG Repo

Post Mean -4.311 -0.251 0.339 -0.559 0.033 0.096 -0.024 0.039

Post Std 0.058 0.026 0.023 0.108 0.035 0.086 0.05 0.067

Post Inl Prob - 1 1 1 0.016 0.055 0.016 0.026

Mean A Prob 0.751

Component 2

Post Mean -2.522 -0.367 0.042 -2.873 -0.004 4.544 -0.066 0.044

Post Std 0.238 0.036 0.053 0.501 0.052 0.237 0.045 0.043

Post Inl Prob - 1 0.027 1 0.013 1 0.04 0.019

Mean A Prob 0.782

Mixing

Post Mean -4.777 -0.113 0.031 -1.698 0.039 -8.296 0.788 0.735

Post Std 0.496 0.088 0.094 0.39 0.089 0.815 0.184 0.196

Post Inl Prob - 0.092 0.067 1 0.066 1 1 1

Mean A Prob 0.835

Figure 6.2. Fration alloated to respetive omponent over time for the

dynami exponential mixture.

To further explore the di�erene between the stati and dynami mixtures we plot the

overall preditive hazard ht(xt) in Figures 6.3 and 6.4 for a �rm that is born in the beginning
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of the sample period, i.e. 1991. Eah subgraph shows the preditive hazard ht(xt) as a

funtion of the ovariate ash for a given year. The analysis in Figures 6.3 and 6.4 is

onditioned on �xed paths for the other ovariates. We have hosen to set the ovariate

paths for Repo, GDPG and age as the realized values at eah time point but with a one year

lag for repo and GDPG; when prediting bankrupty at period t, maro variables from t− 1

are used. For the �nanial ratios and the size variable, the average ovariate value in the

sample for eah respetive year is used as onditioning paths. The ovariate paths together

with their moving averages are presented in Figure 6.5. Figure 6.3 plots the preditive hazard

ht(xt) for the early years 1991 − 1994 orresponding to a survival time t = 1, 2, 3, 4, while

Figure 6.4 overs the years 2004 − 2007 orresponding to t = 14, 15, 16, 17. This example

learly illustrates the main di�erene in these models; the dynamially evolving proportions

in the dynami mixture (left panel) gives a muh more �exible hazard than the stati mixture

(right panel) where the mixture weights are onstant thoughout time and the overall shape

of the hazard is fored to remain unhanged.
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Figure 6.3. Posterior distribution of the hazard probability of the represen-

tative �rm as a funtion of ash for a dynami (left panel) and a stati (right

panel) exponential mixture with two omponents for t = 1, . . . , 4. The dark

shaded area orresponds to 68% Highest Posterior Density (HPD) regions and

lighter shaded area are the 95% HPD regions. The red solid line is the posterior

mode.
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Figure 6.4. Posterior distribution of the hazard probability of the represen-

tative �rm as a funtion of ash for a dynami (left panel) and a stati (right

panel) exponential mixture with two omponents for t = 14, . . . , 17. The dark
shaded area orresponds to 68% Highest Posterior Density (HPD) regions and

lighter shaded area are the 95% HPD regions. The red solid line is the posterior

mode.
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Figure 6.5. Covariate paths for a representative �rm. The dashed blue line

orresponds to realized ovariates and the solid red line are the exponentially

moving averages with α = 0.3.

7. Conlusions

We propose �exible smooth mixture models for longitudinal data, with speial emphasis on

models for survival data in disrete time. We disuss how the longitudinal dimension opens

up for two di�erent types of mixture models, the stati and dynami mixture. In the stati

mixture, subjets have to remain in the same omponent in all time periods, whereas in the

dynami mixture they an move between mixture omponents over time. We argue that the

obvious Markov transition model would be prohibitively time-onsuming for datasets with a

large number of subjets, and we propose an alternative approah where the within-subjet

dynamis is determined by subjet-spei� time-varying ovariates.

We ompare the stati and dynami mixtures in bankrupty modeling for a large panel

of Swedish �rms over the time period 1991-2008. The main result is that the dynami
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mixture formulation dramatially outperforms the stati mixture, a result that holds both

when exponential or Weibull mixture omponents are used. We also show that the MCMC

algorithm with variable seletion in Villani et al. (2012) an be straightforwardly extended

to the longitudinal ase and we doument a high MCMC e�ieny in our appliation to �rm

bankrupty.

It is also shown that the �rm bankrupty data are heterogeneous even after the standard

�rm spei� variables in the literature are inluded in the model and when a �exible baseline

hazard is used. This result suggests that there are di�erent lasses of �rms and the e�et

of the ovariates on the hazard probability is di�erent in eah lass. Furthermore, it is also

shown that model with multiple lasses is able to generate a non-monotoni hazard funtion

whih agrees with the empirial hazard and also with models that uses a �exible baseline

hazard with a separate parameter for eah time period.

Although our way of modeling within-subjet dynamis by mixture-of-experts with time-

varying mixing ovariates is omputationally attrative in omparison to other standard

approahes, data sets with millions of observations remains a hallenge. We are urrently

working on extensions of the MCMC algorithm presented here that may redue omputing

times substantially for large data sets. In terms of model extensions it would be interesting

to explore the role of a ontinuous frailty in the omponents. The hierarhial struture

of suh a model requires two extra steps in the MCMC sheme; sampling the frailty and

the parameters in its distribution. This is in priniple straightforward, but will add to the

omputing time, whih again requires innovations in the MCMC methodology.
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