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To fix ideas

y: A=y, Fi+---+y, Fo+c+ e, e ~NQOI,)
(1xn)(nxn) (nxn) (I1xn) (1xn)

Define
X: =[Y¥i 1, ¥e 1] and F=[F},... F, cT
Write
y:A =x.F + €,

Want to infer (A, F) because they
o represent equilibrium relationships between variables

e determine response of y; to the mutually orthogonal
“structural” shocks in &,

But (A, F) don't come for free.



The identification problem

Rewriting the SVAR
y; =x;FA™ + AT
Likelihood for y;
P(Ye|AF,yrpe-1) = dif(Yt’X/tieia w)

o )X

But consider the alternative parameter point (A, F)

(A,F) = (AQ,FQ) forQ e O,
p=FA'=FQ(AQ) ' =FQQ A '=FA""
¥ = AA = (AQ)(AQ) = AQQ'A’ = AA

Hence, we cannot identify (A, F).



The reduced-form VAR

We can identify

g(A,F)=(FA"! AA’) = (B,X)

Yy, =x:B+u,, u,~ N0 X)

Key practical feature:
e Easy to estimate (B, X)

Key drawback:

e (X,B) are not (A, F)
Most traditional approaches to estimating (A, F) construct a
one-to-one mapping from (A, F) to (X, B).



The literature since then

@ Set identification (with static VAR parameters):
e Canova and de Nicolo (2002)
« Uhlig (2005)
@® Coefficients that change (with exact identification)

e Cogley and Sargent (2005)
e Primiceri (2005)
e Sims and Zha (2006), Sims, Waggoner and Zha (2008)

Not obvious how to coherently combine these approaches.



A Motivating Example

e Based on Baumeister and Peersman (2013, AEJ Macro)
oy, = [Ap?, Ao, AGDP,, Ap<P']’
e Identify time-varying IRFs of oil supply shocks

Their method:

Estimate Primiceri (2005) VAR-TVP-SV

Reassemble into “reduced-form VAR" parameters t-by-t

Find structural parameters satisfying sign-restrictions

e < 0= AP, <0< ApST, for h=0,...,4

RRWZ “algorithm” applied to “reduced-form” parameters
t-by-t.



“Reduced-form”

Primiceri (2005)
y: = vec(By) (1, ® x;) + £, A7

where
§&: 0 -+ 0 1 012 -+ Oint
Et = 0 5271: - : ’ At = O '
: 0 : 5n—1n,t
0 - 0 & 0 --- 0 1
and
= ==, 1 diag(exp(n;)), e ~ N(0px1, X)
0 =61+ Ce, Ce~ N(Ouoyy  ;, X¢)

2

vec(B;) = vec(B;_1) + v, vy ~ N(Ompx1, Xw)
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A Motivating Example

e Based on Baumeister and Peersman (2013, AEJ Macro)
oy, = [Ap?, Ao, AGDP,, Ap<P']’
e Identify time-varying IRFs of oil supply shocks

The method:

Estimate Primiceri (2005) VAR-TVP-SV

Reassemble into “reduced-form VAR" parameters t-by-t

Find structural parameters satisfying sign-restrictions

e < 0= AP, <0< ApST, for h=0,...,4

RRWZ “algorithm”



A Motivating Example Revisited

e Based on Baumeister and Peersman (2013, AEJ Macro)

oy — |9 9?” é 5]?” é GQQ Q 5tCPI /
yt = [Aptcplv AGDPtJ Aq?”7 Ap?”]/

e |dentify time-varying IRFs of oil supply shocks

The method:
e Estimate Primiceri (2005) VAR-TVP-SV
e Reassemble into “reduced-form VAR" parameters t-by-t
e Find structural parameters satisfying sign-restrictions

£ohs <0 = A, <0< Apdl, for h=0,...4

e RRWZ "“algorithm”
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Would have been a
different paper!



Takeaway from the exercise

e Not that Baumeister Peersman are “wrong.”
(Indeed, | will find something similar them).
But
e Methodologically, the BP method is deeply problematic.
e The “reduced-form” can be sensitive to variable ordering.
e Spills over into any inference based on the “reduced-form”
Key resulting shortcomings:

® Results driven as much by an unacknowledged modeling
choice (variable ordering) as by the explicit identifying
assumptions.

® n! different candidate reduced-forms.



Examining the posterior |

Let St - (At7 Ft) and St * Qt — (AtQtJ FtQt’)

P(¢a So:T|Y1:T) (08 P(¢, So) P(51:T|¢, So) P(Y1;T\¢; SO:Sl:T)
—— ~~ 7N ~~

prior density of the Sy.1 data density given Sq.7
sequence under the
model’s law of motion

where

—~

P(Y1;T|¢a So, Sl:T) = p(yt|Yt—p:t—17 St)

t=1

I
1~

pu(y:] X FAY , (AA)T)
—— N— —

1
XFeQ:Q7 A (A:Q:QiAY) !

t

= In each t, S; x Q; gives same evaluation of this term as S;.



Examining the posterior |l

p(®,So.7ly1:7) < p(h,So0) p(Si.7|¢P.So) p(y1:7|®, So, S1.7)
—_—— 2

vV vV
prior density of the S;.1 data density given Sq.1
sequence under the
model’s law of motion

where

T

p(S1.7/9.S0) = [ [ p(St|op, Se-1)

t=1

(This is the tricky part.)



This paper

e Let's try something else.



This paper

e Let's try something else.
e | define a class of models with laws of motion for S; such
that:

® whole sequences of Sy.7 have densities invariant to
orthogonal rotations

® yield a shared reduced-form

Key benefits
e Time-varying parameter model amenable to identification
driven by RRWZ conditions/algorithms.

e (Also, more straightforward to estimate.)



Outline

@ A new SVAR with dynamic parameters



Extending the SVAR

YA =x,F, +¢€,, e ~ N(0,I,)
Law of motion and stochastic processes for (A;, F.):

(Ah Ft) ~ p(At—la Fe1, (»b)



Extending the SVAR

YA =x,F, +¢,, e ~ N(0,I,)
Law of motion for (A;, F;):
=0T AQ
F.=F. 1A A+ 0O, .
Shocks:

Qt - Lth(rt)Rt s rt ~ Bn(ﬁ/(Z(l - ﬁ))7 1/2)
O; ~ MN,, ,(0,W.1,)

where

Belln—1)/n1]
L, R, € O,



Detour: alternate form of SVAR

y: = x;B: + i Qth(H) ™, e, ~ N(0,1,)
Law of motion for (A, F;) = (B, H:, Qy) :

h(Ht)Qt = 571/2 h(Ht—l)Qt—lﬂt
B:h(H:)Q: = B¢_1h(H;-1)Q; + O
Q: = P(Qt|Bt7 Ht)

Shocks:

Qt = h(rt) rt ~ Bn(ﬁ/(2(1 - ﬁ))v 1/2)
O; ~ MN,, ,(0, W, 1,)

where

pelln—1)/n1]



Some notation

A Dynamic SVAR (call it DSVAR) denoted:
Sé{T(Ll:T7 R1:T)
and let

¢ = (6,W)



Key result

Theorem (Theorem 1)
Let SJ/+(L1.7, Ri.7) have prior p(¢,So) for which
p((ba SO) = p((ba SO * P) for any Pec On-

For any Qq.1 such that each Q. € O,, the model
S¢+(L1.7,Ry.7) defined by (Le,R,) = (Q,_,L., R.Q,) is such

that, for every point Sy.7, the point SO:T =So.7* Qo7
satisfies

P(¢> sO:T‘Yl:T» Sé{T('—l:T; R1:T))
=p <¢, §0:T’y1:TaS(§;/T(E1:Ta ﬁ1:T)> .



Theorem 1: restatement and implications

For
@ any realization of the data,
® any dynamic structural VAR,
© and any Q.1

there exists an alternative model with the “same posterior” as
the original model, but with each point rotated by Q;.7.

e Set of equivalent models does not depend on y;.7

e = All structural models in the class are observationally
equivalent.



Outline

@® Reduced-form Representation



Reduced-form VAR with TVP-SV

Define (Ht7 Bt) - g(st) - (AtA;_., FtAt_l)
y; :X;Bt+u;7 u; ~ N(O,Ht_l)
Laws of motion for (B, H,):

H, = %h(Htl)’ I h(H. 1)

Bt = Bt—l + Vt
distributions of shocks (I';, V;)

. ~ Beta,(B/(2(1 - 8)),1/2)
V; ~ MN,,(0,W, H; ")



A short history of the reduced-form

The reduced-form model is “a known quantity.”
e Uhlig (1994, 1997) — the stochastic volatility part

e Mike West and coauthors — “dynamic linear model with
discounted Wishart stochastic volatility,” (DLM-DWSV)



Why does this work?

Suppose I've estimated the reduced-form Hy.7.
Shocks rationalizing movement from A;_; to A; satisfy,

BATL H, ASY =T
t 1\;/ t—1 t
AA,

Suppose instead my identification scheme said that in t — 1,
At—l = At—th—l-
Shocks rationalizing movement to H;:

ﬁAt__llHtAt__lll =Q:1 I Q. = F
Critical thing: T, and [, have the same density!

A property of the multivariate Beta distribution:
Srivastava (2003) Corollary 4.1,

p(F:) = p(Q.r.Q})



Estimation of reduced-form

Need to characterize

P(ﬁa W,By.7, Ho:T|Y1:T) .

e Can't characterize it analytically.
e Can construct an MCMC algorithm.

Gibbs Sampler

e Block 1. p(Wlyi.7, 3, Bo.7, Ho.7)
e Block 2. p(3,Bo.7,Ho.7|y1.7, W)




Gibbs sampler: block 1

Block 1. p(W|y1.1, 5,Bo.7, Ho.7)
Block 2. p(5,Bo.7, Ho.7|y1.7, W)

Super easy.

If prior is W ~ IW(Wy , 14),

W|y1:T7ﬁa BO:Ta HO:T ~ /W(ﬁ, ) 17)
where
v = W(y1.7, Bo.7, Ho.1) + Wy
V= Tn —+ 1Z0)



Gibbs sampler: block 2

e Block 1. p(W|y1.7, 3, Bo.7, Ho.7)
e Block 2. p(f3,Bo.7, Ho.7|y1.7, W)

e Factor joint density as

p(ﬂa BO:TyHO:T|y1:T7W)
= [3(5|Y1:T, W)/'P(BO:Ta HO:T|Y1:T7 B, W),

Block 2a Block 2b




Gibbs sampler: block 2

e Block 1. p(W|y1.7, 3, Bo.7, Ho.7)
e Block 2. p(/3,Bo.7, Ho.7|y1.7. W)

e 2a. p(Bly1.T,W)
* 2b. p(Bo.7,Ho.7|y1.7, 5, W)




Gibbs sampler: block 2a

e Block 1. p(W|y1.7, 3, Bo.7, Ho.7)
e Block 2. p(3,Bo.7,Ho.7|y1.7, W)

* 2a. p(Bly1.T,W)
* 2b. p(Bo.7,Ho.7|y1.7, 5, W)

Random-walk Metropolis-Hastings,
« "Propose” a §* ~ q("[311) = Npdf (50, 02)
e Set 5* = B() with probability

ocp(B* W) p(ys.7] 8%, W)

N

™~

[ p(BWOlyy.1)
“ly.T, W) = - ' !
Oé(ﬁ |Y1.T> ) min { p(ﬁ('—l),W(’)|Y1:T) ’




Gibbs sampler: block 2a

e Block 1. p(W|y1.7, 3, Bo.7, Ho.7)
e Block 2. p(3,Bo.7,Ho.7|y1.7, W)

* 2a. p(Bly1.T,W)
* 2b. p(Bo.7,Ho.7|y1.7, 5, W)

Evaluating o(3*|y1.7, W) requires pointwise evaluation of

P(Y1:T|5*7 W(I))
= /P(Y1;T|5*,W(i), Ho.7, Bo.7)p(Ho.7, Bo.7)d(Ho. 7, Bo.7)
(Ho:7,Bo:7)



Block 2a: evaluating p(yi.7|3*, W)

Distribution Distributional Parameters and
of Interest Family Supporting Computations

Step 1 — Prior for D, giveny;.,_;

[T ST
Bv-l|r-var-]|l-|) given
from iteration 7 — 1

H Y . @) W(dm,p‘l‘ﬂ,l_,) dyyy = Py

W =Yy
By o1, . H) N(Emfbcmflval) Evlr—l = GE;—H:—I

Ciy-1 = GG,y G +W

Step 1.5 — Forecast density of y,

Wel¥iam1: @) Ty (Vie-10 Zy,) &= dr\r-ll* n+1
Vi1 = E:|:—|"r
4 =X/ Ch% + 1
Zy, =@/

Step 2 — Posterior for D, after observing y .,
Hilypp @) W(dJlrvll‘,],l) dyy =dyey +1
€ =¥ = Y1
Wy =Wy + ie,e;

Bylyy.. 4. H) N(By,. €. H') K = Cypxe/a,
By =By + Ke
Cy =Cy — KKy,
Notes: The table summarizes results given in Prado and West (2010).




Block 2b: simulation smoother

e Block 1. p(Wly:.7, 3, Bo.T, Ho.7)
e Block 2. p(3,Bo.7,Ho.7|y1.7, W)

e 2a. p(Bly..T,W)
e 2b. p(Bo.7,Ho.7]y1: 7, 5, W)

Analogous to Kalman smoother.

Distribution to Distributional Parameters and
be sampled Family Supporting Computations

(e e By € By Coanye)
given from forwards filter

(H,1Y,, ¢, H,y ) H =pH,, +7, i = (1= Py,
~ W(dr\m m)
(B/Y,,¢.H,.B,,)) N(E,‘,H.C,‘,“‘H,") K CmG C:H\r
:|1+| = B,‘, +K:(Bz+| - Bl+1|,)
Cira1 = Co = K Cr K]

Note: the distribution of B, corrects a typo in Prado and West (2010).



Outline

© Structural Inference Revisited



From reduced-form back to structural

Given
@ restriction regions R; for each t
@ and posterior samples {H{) B (1)} sim
one can
@ construct a sequence of arbitrary (A{Y F{) ) consistent
with (Hg':)T, B(()':)T) period-by-period
® t-by-t, find QY € 0, such that (Ag")Q(t"), ng)Qgi)) eER

® Set (A, F) = (AYQY" FQ}")
Note, Qgi) can be constructed via:

e Algorithm 1 of RRWZ (exact id), or
e Algorithm 2 of RRWZ (set id)



Outline

O Revisiting the time-varying oil demand elasticity



Prior vs. Posterior: [
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IRF of Poil o Supply shock causing
Aqoil = —-1%.
e “baseline” IRFs

e |RFs under alternative
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Concluding Remarks

Main contributions:

@ Developed a new class of SVAR with time-varying
parameters amenable to a variety of identification
methods.

e All models in the class have the same reduced-form
representation.

® Developed an MCMC algorithm for the fully-Bayesian
estimation of the reduced-form model.

© Applied to set identification of a time-varying object of
interest about the effect of oil supply shocks.



Appendix



Outline

@ More on the Density of latent states



Dynamic parameters

Now suppose
(At7 Ft) ~ P(¢a A, Ft—l)

We lose everything.

® No easy “reduced-form” to estimate or analyze.

® (Without part 1 who cares?).
But most importantly, the same basic approach isn't on the
table anymore. Why?

Lack of observational equivalence between alternative rotated
sequences of structural parameters.

Some notatation before we go on:
St - (An Ft)
S: +*Q: = (A:Q:, F:Q:)



Multivariate Beta

Scaled MvBeta
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Chol(Multivariate Beta)

Scaled Lower Cholesky Factor of MvBeta
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