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Abstract

We estimate a generic agent-based model in which agents have heterogeneous

beliefs about the future price to see to what extent behaviour differs across as-

sets, and what this implies for market stability. We find evidence for behavioural

heterogeneity for all asset classes, except for equities. Heterogeneity is especially

pronounced for macro-economic variables. Agents update their beliefs frequently

in financial markets, and only gradually in the case of macro-economic variables.

Consequently, we find that the probability of behavioural bubbles is substantially

higher for the macro-economic variables than for financial assets.
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1 Introduction

Market prices show dynamics that cannot always be explained by models based on

the assumption of representative agents, such as volatility clustering, heavy tails, and

bubbles and crashes. One way to better understand these dynamics is to see them as

emergent properties of a system composed of heterogeneous agents. In this paper, we

use a model in which agents have heterogeneous expectations about future prices, and

estimate the model on a broad set of assets to get a better understanding of differences in

agent behavior and corresponding market stability across asset classes. Specifically, as in

Brock and Hommes (1997, 1998) the model has two types of agents, fundamentalists and

chartists, who are able to switch between types conditional on relative performance. We

find that switching between types is more prevalent in financial markets such as foreign

exchange markets. Heterogeneity, however, is especially pronounced in macro-economic

price series such as house prices and CPI, causing these markets to be especially prone

to behavioural bubbles.

Despite its theoretical elegance and convenience, the rational expectations hypothesis

(REH) by Muth (1961) does not appear to hold up empirically at the individual level.

Greenwood and Shleifer (2014) conclude based on six different surveys that stated beliefs

are not consistent with rational expectation representative agent type models. Although

Branch (2004) finds that there is heterogeneity in inflation surveys as well, he concludes

that it can be rational to stick to a predictor function that is not the most accurate

when the alternatives are costly. Experimental studies show similar results. As early

as 1976, Schmalensee used experimental methods to study the belief formation process

and finds evidence against rationality. More recently, Anufriev and Hommes (2012) show

that evolutionary selection among heterogeneous expectation rules explains experimental

outcomes and aggregate price behaviour much better than homogeneous benchmarks.

Bloomfield and Hales (2002) run an experiment in which they explicitly tell participants

that they are forecasting a random variable; yet, forecasts display all sorts of structures.

The question that arises is how expectations are formed if they are not rational; step-

ping away from rationality creates an infinite number of degrees of freedom. Furthermore,

stepping away from rationality also creates scope for heterogeneity between agents. A

number of studies show that expectation formation can be summarized by certain rules

of thumb; a large part of the experimental literature in this field is surveyed by As-
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senza et al. (2014). Bloomfield and Hales (2002) show that participants switch between

a trend-following and a mean-reverting rule, conditional on the recent price realizations.

MacDonald (2000) summarizes the main findings from studying quantitative surveys, and

finds that most survey participants use forecasting rules with short-term trend extrapo-

lation and long-term mean reversion. Greenwood and Shleifer (2014) also find evidence

for trend extrapolation.

The subsequent question is whether the boundedly rational and heterogeneous expec-

tations at the individual level affect asset prices due to the self-referential nature of asset

markets, or whether heterogeneity averages out in the limit and markets converge to ef-

ficiency. A number of theoretical studies have looked into this issue. Cutler et al. (1990)

propose a model with fundamental traders alongside feedback traders who form expecta-

tions based on past returns, and show that the latter group of traders does affect prices.

Delong et al. (1993) theoretically show that a group of noise traders of sufficient size in

an otherwise rational market will affect prices and survive in the long run. Likewise, Lux

(1995) models a group of traders that are not fully informed about the fundamentals, and

copy the behaviour of other traders, so-called herding behaviour. Barberis et al. (1998)

set up a model in which over- and underreaction to news co-exist in time-varying propor-

tions, and form a possible explanation for the momentum and mean-reversion patterns in

financial markets. Brock and Hommes (1997) introduce the concept of adaptively ratio-

nal expectations, in which agents rationally choose from a set of expectation functions in

a cobweb type model. In an example with two types of functions, rational and naive, the

authors show that under certain conditions highly irregular equilibrium prices converge

to a strange attractor. In a follow-up paper, Brock and Hommes (1998) apply the same

concept, but with two boundedly rational expectation functions in an asset market.

The papers by Brock and Hommes (1997, 1998) have triggered a stream of research

attempting to replicate the ‘stylized facts’ of financial markets, including the aforemen-

tioned volatility clustering and heavy tails using the heterogeneity approach; see e.g.

Hommes (2006) for an overview. The empirical literature on such heterogeneous agent

models has by now established ample evidence on the importance of behavioural hetero-

geneity for explaining financial market dynamics, on both the micro and the macro level;

for an overview of the empirical literature on heterogeneous agent models, see Chen et al.

(2012) and Lux and Zwinkels (2017). Heterogeneous agent models have been extensively
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tested using all sorts of data. Various versions of the model, with varying numbers and

types of agents, different profit and/or switching functions, and varying results, have

been estimated successfully on a large number of asset classes. Especially stock markets

(Boswijk et al., 2007; Hommes and in ‘t Veld, 2017; Chiarella et al., 2014; Lof, 2014)

and foreign exchange markets (Frankel and Froot, 1990; De Jong et al., 2010; Spronk

et al., 2013) have been extensively analyzed, but the model has also showed itself use-

ful in explaining the price dynamics in, for instance, housing markets (Kouwenberg and

Zwinkels, 2014; Bolt et al., 2014), option markets (Frijns et al., 2010), commodity markets

(ter Ellen and Zwinkels, 2010; Baur and Glover, 2014; Westerhoff and Reitz, 2005), and

credit markets (Chiarella et al., 2015). Even macro-economic variables such as inflation

can be described by a heterogeneous agent model, as in Cornea-Madeira et al. (2017)1.

So far, the literature has concluded that allowing for heterogeneity and switching is im-

portant when describing the dynamics of individual markets. Due to the variation in

the estimated models, however, the results have never been directly compared with each

other.

In this paper we estimate a generic heterogeneous agent model with fundamentalists,

chartists, and switching on a broad set of assets in order to see whether behaviour differs

across markets, and what that means for the stability of these markets. The limited

comparability between the existing papers is due to the different functional forms in the

set of expectation formation rules, but mainly due to the fact that the main coefficient

in the function governing the switching between rules is unit free, such that its mag-

nitude cannot be compared across space and time. Therefore, in this paper we adopt

a generalized version of the switching function that allows us to compare results across

assets. Subsequently, we estimate the model on a data set consisting of 220 quarterly ob-

servations from 1960 to 2015 of equity prices, foreign exchange rates, commodity prices,

real estate prices, and inflation rates. The results can be compared based on three main

parameters. The intensity of choice parameter describes how fast agents update their

beliefs when they get new information. The other coefficients of interest are the fun-

damentalist mean reversion and the chartist extrapolation coefficients. Combined, the

three coefficients determine the stability of the system, and therefore the sensitivity of

the model to behavioural bubbles.

1Although inflation is not the result of supply and demand in some sort of exchange, it is typically
modeled as a self-referential process in which the realization is a function of the ex-ante expectations.
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Our results suggest that the intensity of choice parameter is relatively high for financial

markets, implying that agents switch between expectation functions relatively quickly. At

the same time, we find that the heterogeneity between fundamentalists and chartists is

relatively pronounced for the macro-economic variables house prices and inflation. Both

contribute to the instability of markets, but the mechanism is different. We find that

the stability of markets is least for the macro-economic variables of inflation and house

prices. Our results are robust for the exact choice of model, definition of fundamental

value, data frequency, and model configuration.

With the analysis conducted in this paper, we aim to get a better understanding

of which types of markets are more prone to bubbles, what the market characteristics

are that drive that bubble sensitivity, and how investor behaviour contributes to that.

Ultimately, we want to contribute to a measure of ‘bubble sensitivity’ with this frame-

work, and evaluate the risk of certain policies that might drive prices away from their

fundamental values. In such a way, the paper contributes to the academic literature on

heterogeneous agent models, while at the same time offering a different perspective on

certain policy-relevant issues. In this respect, our finding that the macro-economic vari-

ables are especially prone to bubbles is interesting, because the focus of policy makers

tends to be on the (excessively) volatile financial markets.

The remainder of this paper is organized as follows. Section 2 sets out the generic

heterogeneous agent model and studies the stability of the model and the estimation

procedure. Section 3 covers a description of the data we use and the methodology we

apply to estimate the model. The results are discussed in Section 4. Finally, we show

the results of several robustness checks in Section 5, and Section 6 concludes.

2 Heterogeneous Agent Model and Market Stability

In order to evaluate and compare the characteristics of investor behaviour across

several asset classes, we estimate a generic stylized model with heterogeneous agents

that is appropriate for each asset class. This heterogeneous agent model will be able

to provide estimated coefficients that have a straightforward interpretation and can be

easily compared across these different asset classes. We use a slightly modified version of

the model of Brock and Hommes (1998, hereinafter BH98) as the basic model on which
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we build our empirical analysis. Roughly speaking, there are two different versions of

this model. The first version, which is closest to the BH98 model, models the price in

deviations from its fundamental value. Agents have heterogeneous expectations about

the convergence of the price to the fundamental value, and thus about the size of this

deviation. In this setup, one group of agents has mean-reverting beliefs, meaning they

expect the price of the asset to revert back to its fundamental value (fundamentalists).

The other group of agents has extrapolative beliefs, which means that they expect the

deviation to increase in the future (chartists). The second version models changes in the

price (returns), and agents form beliefs about future returns. Again, fundamentalists in

this model expect that the price of an asset reverts to its fundamental value. However,

chartists are considered to be trend chasers. They base their expectations of future

prices solely on past price movements. In both versions of the BH98 model, agents can

switch between a chartist and a fundamentalist strategy, often based on the (relative)

profitability of these strategies in the past.

2.1 The Model

We will now introduce our model which is based on Brock and Hommes (1997, 1998).

Assume an economy with a single risky asset with price pt that pays a stochastic dividend

yt
2. Wealth then evolves according to

Wt+1 = RWt + (pt+1 + yt+1 −Rpt)zt (1)

in which R is 1 plus the risk-free rate and zt the demand for the risky asset.

Investors are mean-variance optimizers such that their demand for the risky asset

solves

Maxz {EhtWt+1 − (a/2)Vht(Wt+1)} (2)

in which a is the risk aversion parameter and Vht the variance of wealth. Solving yields

an optimal demand for the risky asset z equal to

2For assets that do not pay out dividends such as, for example, commodities, yt = 0∀t
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zht = Eht(pt+1 + yt+1 −Rpt)/aσ2 (3)

Assume that there are H groups of investors and that nht is the fraction of type h

investors in period t. Total demand for the risky asset is then given by

H∑
h=1

nht
{
Eht(pt+1 + yt+1 −Rpt)/aσ2

}
(4)

Without loss of generality, we can put the outside supply of the risky asset to zero,

such that

H∑
h=1

nht
{
Eht(pt+1 + yt+1 −Rpt)/aσ2

}
= 0 (5)

and

Rpt =
H∑
h=1

nhtEht(pt+1 + yt+1) (6)

Now assume that a fundamental price is given by p∗t . In case of a dividend-paying

asset, the fundamental price can be thought of as the discounted cashflow p∗ = y
(R−1)

in

case the dividend process is iid with mean y. It is then convenient to write the model in

terms of deviations from the fundamental price, xt = pt − p∗t .

Under the assumption that all beliefs of the groups in H are of the form

Eht(pt+1 + yt+1) = Et(p
∗
t+1 + yt+1) + fh(xt−1, ..., xt−L) (7)

the pricing Equation (6) can then be written as

Rxt =
∑

nhtfh(xt−1, ..., xt−L) (8)

Consistent with the literature on heterogeneous agents, we assume two types of

traders, fundamentalists and chartists. The fundamentalists expect the price level to

converge to the fundamental value, and thus x to converge to zero. Hence, fF = φFxt−1

with φF < 1. Chartists, on the other hand, are destabilizing and expect the deviation

between price and fundamental value to increase. Hence, fC = φCxt−1 with φC > 13.

3Note that when estimating the model, it is possible to find heterogeneity, but with both parameters
less than one. In that case, both groups of agents have mean-reverting beliefs, but one group expects
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The full pricing equation is then given by

Rxt = nFtφFxt−1 + nCtφCxt−1 (9)

Agents are able to switch between groups conditional on the relative performance of

the groups. The smaller the forecast error of one group is compared to the other, the more

likely it is that more agents will switch to this rule. In other words, nht is endogenously

determined by means of

nht = exp

(
β

πht
πFt + πCt

)
/Zt (10)

Zt =
∑

exp

(
β

πht
πFt + πCt

)
(11)

which simplifies to

nFt =

(
1 + exp

(
β
πFt − πCt
πFt + πCt

))−1

(12)

nCt = 1− nFt =

(
1 + exp

(
β
πCt − πFt
πFt + πCt

))−1

(13)

in which πht is the performance of group h. Coefficient β determines the sensitivity

of agents to differences in performance between the two groups. With β = 0, agents

are not sensitive and remain in their group; as result, nFt = nCt = 0.5∀t. The higher

β is, the quicker agents will decide to switch between groups conditional on the relative

performance difference. This parameter is important in determining market stability, as

we will show later.

Note that this switching function differs from the one in the Brock and Hommes

reference model. Specifically, whereas Brock and Hommes (1997) use absolute profit

differences πFt−πCt, we use relative profit differences πFt−πCt

πFt+πCt
. We discuss why and what

the implications are in Section 2.2.

To complete the model, we need to define the performance measure πht. We assume

that agents base their choice on the relative ability of the groups to forecast xt over the

the reversion to be faster than the other group.
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previous I periods. Specifically,

πht =
I∑
i=1

|xt−i − φhxt−i−2| (14)

in which I is the memory parameter. In the benchmark setting, we set I = 1, such

that agents only consider the most recent forecast error, but we study the sensitivity of

the empirical results to this choice in Section 5.

2.2 Market Stability

Whereas the stability properties of the BH98 model have already been studied exten-

sively, we briefly show the stability of our model in this subsection as we have adjusted

the original model somewhat to our purpose of cross-market comparison. The stability

conditions of our model we find here will also help us later when judging the stability of

the asset markets in the empirical part of the paper.

The switching function in the original BH98 model is different from how we defined

it in the previous section. Specifically, we allow agents to switch based on relative profit

differences, πFt−πCt

πFt+πCt
, whereas the original model uses absolute profit differences, πFt−πCt4.

This was first applied in ter Ellen and Zwinkels (2010). There are two main reasons why

we implement relative rather than absolute profit differences. First, it makes the intensity

of choice parameter β comparable across time and markets. Because β is unit-free, its

magnitude cannot be interpreted, as it is conditional on the definition of performance

as well as the (time-varying) variance of this performance. By normalizing the profit

difference to a number between −1 and 1, we will be able to compare the estimated β

across all asset classes we consider. Second, the normalization is helpful for the estimation

procedure. By normalizing, the characteristics of the statistical properties of the profit

difference will be more stable over time and will not have extreme values, such that

estimation results are less likely to be driven by specific episodes. In the Appendix to

this paper, we compare the estimation properties of the relative versus the absolute profit

differences.

Figure 1 shows the relation between performance differences, both absolute and rela-

tive, and fundamentalist weights for a range of β values from zero to 100. It illustrates

4This transformation functions correctly only when performance πht >> 0. This is indeed the case
for our definition of performance.
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Figure 1: Absolute versus Relative Profit Differences

(a) Absolute profit difference
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(b) Relative profit difference
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Notes: This figure shows how smooth the transition between two types of agents is for different
values of β and a range of profit function values. In both graphs, the x-axis denotes the value of
the profit function and the y-axis the proportion of agents of type 1. The lines represent different
values for β, ranging from 0 (the horizontal line at 0.5) to 100 (the steepest line) with steps of 1.
The upper graph shows the transition for different values of the absolute profit function, the lower
graph for the relative profit function.

the effect of different levels of an agent’s sensitivity to profit differences in deciding on

which forecasting model to use. The figures show the same general tendency that the

S-shape of the logit switching function becomes more pronounced for higher values of

β. At one extreme, β = 0 results in a horizontal line for both configurations, indicating

no sensitivity to performance differences. At the other extreme, β → ∞ results in a

step-wise function for both configurations, indicating infinite sensitivity to performance

differences such that all agents are either fundamentalists or chartists. The differences lie

in the non-extreme cases. The figure confirms that the absolute performance difference

can take any value; as a result, the weights can also take any value between zero and

unity. In the case of relative differences, however, the relative performance difference

remains within the −1 to 1 range. As a result, the range over which the weights move

increases with β. For example, for β = 1, the minimum weight is 0.26 and the maximum

weight is 0.73.

The stability of the asset market described by our heterogeneous agent model is deter-

mined by the coefficient set consisting of β, φF , and φC . As already shown in the original

Brock and Hommes (1997) paper, models consisting of switching fundamentalists and

chartists do not necessarily converge to the fundamental equilibrium in which price is

equal to the fundamental value (x = 0). Instead, complex dynamics can emerge. Here

we illustrate the effect of an increasing β given a set of φF and φC using a bifurcation

diagram. Second, we illustrate the effect of varying φF and φC given a certain level of β
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Figure 2: Bifurcation analysis

(a) Absolute profit difference

100 200 300 400 500 600 700 800 900 1000

(b) Relative profit difference
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Notes: This figure shows bifurcation plots for the absolute versus relative profit difference. Parameter
values are set to φF = 0.8, φC = 1.1, and I = 1. The x-axis denotes β ∗ 100 and the lines represent
various equilibria.

by means of basins of attraction. Due to the different properties of the switching function,

the price dynamics generated by the model with relative performance differences will also

be different. To study the differences in dynamics, we create bifurcation plots and we

plot the parameter basins of attraction for both specifications.

In a bifurcation plot one can see how the dynamics of the model changes when one

changes certain parameters. In these simulations, we are interested in the stability of the

steady state for different values of β. We set the parameter values to φF = 0.8, φC = 1.1,

and I = 1. Figure 2 presents bifurcation diagrams for the model with both absolute and

relative performance differences in which we vary β between zero and ten with steps of

0.01.

Figure 2 illustrates that both configurations of the model produce stable fundamental

equilibria of x = 0 up to a certain level of β, after which a bifurcation occurs and the

equilibrium becomes unstable. The bifurcation points of the two configurations, though,

lie at different values of β. For the absolute profit difference, the bifurcation point lies at

β = 6.95. For the relative difference, this is β = 2.05. In other words, the stability region

is smaller for the relative differences than for the absolute differences.

To further compare the stability properties of the two configurations, we construct

basins of attraction for different combinations of φF and φC given a certain level of β.

We leave I = 1 and set β = 2 and β = 5. Figure 3 presents the results.

Figure 3 shows the stability of the model for different values of φF and φC . When the

combination of certain values of values of φF and φC lies in the red area, the model con-
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Figure 3: Basin of attraction

(a) Absolute profit difference with β = 2 (b) Absolute profit difference with β = 5

(c) Relative profit difference with β = 2 (d) Relative profit difference with β = 5

Notes: This figure shows basins of attraction for the absolute versus relative profit difference and
for different combinations of φF , φC on the x- and y-axis. Furthermore, I = 1 and we compare
β = 2 and β = 5. Red areas represent convergence, black areas represent divergence, and white ares
represent non-convergence.
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verges to the fundamental equilibrium x = 0. The white area indicates non-convergence,

and black indicates divergence (i.e., an explosive price-path). Whereas the convergence

region appears to be larger for the configuration with absolute profit differences, the

configuration with relative profit difference does not generate divergence regions. When

looking at the case of β = 5, we observe that the stability region for absolute profit

differences shrinks somewhat, but that the regions for relative differences change shape

substantially.

These figures show that market stability is directly related to the behaviour of indi-

vidual agents in the market. When the parameter estimates of a certain asset class in

the empirical section of this paper lie in the convergence area, it implies that this market

is stable and not very prone to bubbles. When the parameter set does not belong to

the convergence area, however, it implies that the market is sensitive to the endogenous

creation of price bubbles.

3 Data and Methods

Considering that we want to compare the behavioural parameters of the model across

asset classes, we need to employ data that is as comparable as possible in terms of

frequency, sample period, and geography (culture). After all, we want to be able to say

that the differences in parameters result from differences in asset classes, rather than from

differences in sample period or market composition. As such, the choices we make in the

benchmark setup are based on maximum comparability for as many assets as possible.

The asset classes that we consider, are equities (S&P500 index), foreign exchange (UK

pound / US dollar and Japanese yen / US dollar), commodities (WTI crude oil, gold), and

two macro-economic variables (the Case-Shiller house price index and the US consumer

price index). For the main results, we rely on quarterly data as this frequency allows for

the inclusion of macro-economic variables that are not available at a higher frequency. We

execute robustness checks with data on monthly frequency, excluding the macro-variables.

Even though the notion of mean reversion towards some fundamental value is intu-

itively appealing, empirically implementing it is challenging because it is unknown what

the fundamental value should be; see Fama (1991) on the dual hypothesis problem. An

important point to realize, though, is that the fundamental value in our heterogeneous
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agent model does not have to be the asset’s actual underlying value. Instead, it should

be a proxy that boundedly rational agents might perceive as a fundamental anchor in

their expectation-formation process. As such, it should be a fundamental value based on a

well-known model that is relatively easy to calculate using publicly available information.

Furthermore, in our case we also require a fundamental value that is methodologically

comparable across assets such that the results are comparable. To achieve this goal, we

take two approaches. First, in the benchmark case we take a moving average of the

market price as a fundamental value. The advantage of this approach is its simplicity,

its applicability to all asset classes, and the fact that the approach is exactly the same

across assets. Furthermore, the moving-average fundamental value proxy has a number

of characteristics one would expect. First, by construction this proxy assures that prices

mean-revert to their fundamental value. Furthermore, this approach embeds the result

of Shiller (1981) that market prices exhibit excess volatility relative to their fundamen-

tal value. We take a moving average of 20 quarters, or 5 years. Our second approach

is slightly more sophisticated and based on (exogenous) models and data. This results

in slightly more advanced fundamental proxies, but also creates differences between the

asset classes and excludes the assets that do not provide a cash-flow to the agent (such

as commodities).

All data are obtained from Thomson Reuters through Datastream, apart from the eq-

uity and housing data, which are obtained from the website of Robert Shiller5. The sam-

ple period covers 1960Q1 to 2015Q2 totalling 222 observations, as far as data availability

allows it. Gold and oil have slightly shorter sample periods starting in 1968 and 1970, re-

spectively. Table 1 presents the descriptive statistics of our assets; specifically, we present

the statistics of the log-price deviation from fundamental value xt = log(pt)−log(p∗t ) using

the fundamental value proxy based on the moving-average proxy. We take log-deviations

such that xt represents a percentage price deviation, which is again directly comparable

across asset classes.

Table 1 shows that the mean and median values of xt tend to be positive, illustrating

the increasing trend in asset prices over time. Currencies are the exception, with a

negative mean, suggesting that the US dollar has depreciated vis-a-vis the UK pound

and Japanese yen. The minimum-maximum range and the standard deviation give an

5See http://www.econ.yale.edu/˜shiller/data.htm.
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Table 1: Descriptive Statistics

Equity Currencies Commodities Macro
S&P500 USDJPY USDUKP Gold Oil CPI House

Mean 0.1368 -0.0654 -0.0306 0.1550 0.1157 0.0930 0.1238
Median 0.1451 -0.0341 -0.0179 0.0966 0.1166 0.0750 0.1344

Max 0.5189 0.2728 0.2512 1.0004 0.8994 0.2409 0.3071
Min -0.5023 -0.4933 -0.4172 -0.3420 -0.8743 0.0261 -0.1433

Std.Dev. 0.1823 0.1407 0.1193 0.2925 0.3433 0.0522 0.1016
Skew -0.5251 -0.4085 -0.5267 0.8329 -0.1817 1.2070 -0.7892
Kurt 3.7341 3.3328 3.4314 3.2899 2.9781 3.6215 3.7421
Obs. 203 203 203 171 163 203 202

Notes: This table shows descriptive statistics of xt per asset class, defined as ln(pt) − ln(p∗t ),

where p∗t =
∑20
i=1 pt−i+1.

indication about market volatility. The commodities are especially volatile, followed by

equity, currencies, and the macro-economic variables.

Figure 4 shows the evolution of xt, the deviation between the current price and its

fundamental value for each asset. Mispricing is much more persistent for housing and

the CPI, as can be seen by the smooth movement and persistently positive level of xt.

This can be explained by the presence of chartists in the market, who drive the price

further away from its fundamental value by extrapolating the deviations further in the

future. In contrast, deviations from the fundamental value are relatively short-lived in

financial(ized) markets, and often move around zero.

The empirical model based on Equation (9) we take to the data is given by

xt = c+ nFtφFxt−1 + nCtφCxt−1 + εt (15)

in which εt is the residual and c is an intercept we include to ensure that E(εt) = 0. The

weights nFt and nCt are given by Equations (12) and (14).

Estimation is done using (quasi) maximum likelihood as is common in the literature

for these reduced-form models. We set the memory parameter I equal to 1, and test the

robustness of the results to this choice in Section 5. The starting values for φF , φC , and

β are 0.8, 1.1, and 1, respectively. The intensity of choice parameter β is restricted to

positive values in the estimation procedure.
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Figure 4: Price Divergence from Fundamental Value X

Notes: This figure presents xt per asset class over time, defined as ln(pt) − ln(p∗t ), with p∗t =∑20
i=1 pt−i+1.
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Table 2: Benchmark Estimation Results

Equity Currencies Commodities Macro
S&P500 USDJPY USDUKP Gold Oil CPI House

Static
φ 1.839*** 1.866*** 1.834*** 1.908*** 1.676*** 1.989*** 1.984***

(40.042) (36.115) (35.498) (48.046) (17.263) (114.19) (111.25)
c 0.012 -0.003 -0.002 0.002 0.010 0.000 0.001

(1.811) (-0.705) (-0.539) (0.297) (0.601) (0.267) (0.701)

LL 224.71 277.28 305.79 174.73 38.47 678.48 551.82
Obs 190 190 190 158 150 190 189

Switching
φC 1.276* 0.939*** 1.194*** 0.985*** 0.990*** 1.086*** 1.414***

(1.834) (37.011) (11.744) (55.613) (6.596) (60.625) (62.994)
φF 0.552 0.697*** 0.566*** 0.575*** 0.439** 0.889*** 0.667***

(0.790) (13.361) (4.361) (12.318) (2.336) (28.235) (23.880)
β 0.142 30.949 1.034** 19.074 2.730 1.300*** 2.125***

(0.326) (0.431) (2.199) (0.800) (0.840) (6.073) (11.125)
c 0.011* -0.007 -0.002 0.003 0.007 0.000 -0.001

(1.727) (-1.588) (-0.420) (0.477) (0.485) (0.261) (-0.904)

LL 224.82 279.11 310.13 185.12 41.08 704.08 630.54
Obs 190 190 190 158 150 190 189
PφF=φC 0.604 0.000 0.003 0.000 0.083 0.000 0.000

Notes: This table shows the results of estimating Equation (15) on quarterly data based on the
moving-average fundamental value proxy. *, **, *** represent significance at the 10%, 5%, and 1%
level, respectively. PφF=φC

denotes the P-value of the Wald test on equality of parameters φF and
φC .

4 Main Results

Table 2 presents the estimation results of the benchmark model, with quarterly data,

a moving-average fundamental value based on M = 20 quarters, and a memory length I

of 1 quarter.

The top panel labeled ‘Static’ presents the results with β = 0, such that nFt = nCt =

0.5∀t. As a result, the effect size of the estimated coefficients is 0.5 ∗ φ. First of all,

we observe that the persistence in xt is rather different across asset classes, from very

persistent for the macro variables, i.e., 0.5 ∗ 1.989 = 0.9945 for CPI, to more mean-

reverting for the more financialized assets, such as 0.5 ∗ 1.676 = 0.838 for oil. The mean

reversion is indicative for the efficiency of the asset, as it illustrates how quickly the

market price reverts to its fundamental value. Given that we calculate xt as the log-

difference between price and fundamental value, an average φ of 1.871 implies that the
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market expects prices to mean-revert with 6.45% per period (1− 0.5 ∗ 1.871 = 0.0645).

The bottom panel of Table 2 labeled ‘Switching’ presents the results of the full switch-

ing model in which the switching parameter β is estimated as a free parameter. For all

but one asset class, equities, we observe that allowing agents to switch between strategies

adds to the explanatory power of the model. The Wald test of equality of parameters,

φF = φC is only accepted for equities at the 10% significance level6. In other words, for

six out of seven asset classes we find evidence for behavioural heterogeneity. The degree

of heterogeneity is economically relevant; the average difference between φF and φC is

0.463, ranging from 0.747 for the house price index to 0.198 for the CPI. This implies

that fundamentalists, on average, expect mean-reversion to occur 46% per period faster

than chartists. For four out of seven assets, we observe that the chartist coefficient φC

is larger than unity. This implies that chartists in these markets expect |xt| to increase,

so the market price to move away from the fundamental value. This has implications for

market stability because the market price will move away from the fundamental value in

periods of chartist domination. As such, it might be the case that prices do not converge

to the fundamental equilibrium xt = 0 with such a parameter set. We further study the

stability of the deterministic skeleton of the model using the estimated coefficient sets

below.

The estimated switching parameter β is positive, implying that agents switch towards

the group with the smaller forecast error in the previous period. In other words, the

switching function functions as a positive-feedback rule. The average β equals 9.535,

ranging from 1.034 for the US Dollar - UK Pound currency pair to 30.949 for the US

dollar - Japanese yen currency pair7. Overall, it appears that β is somewhat lower

for the macro-variables, and higher for the highly liquid financial markets. In other

words, agents are more sensitive to performance difference in financial markets than in

more macro-economic variables, and therefore switch more between strategies in financial

assets.

Figure 5 shows the estimated fundamentalist weights nFt for the assets for which we

6Because φF and φC are not identified under the null hypothesis of no switching, a standard likelihood
ratio is not informative regarding the added value of switching. Teräsvirta (1994) shows, however, that
a significant difference between the two auto-regressive parameters is a sufficient condition.

7Standard t-tests do not apply for judging the significance of β due to the nonlinear structure of the
switching function. Because φF and φC are not identified under the null hypothesis of no switching, β
is a nuisance parameter. The significance can again be judged by the test of equality of φF and φC ; see
Teräsvirta (1994)
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find significant switching.

Figure 5 shows that the weights move around the average of 0.50. This is by construc-

tion of the switching function given by Equation (12). The variability and amplitude of

the weights is related to the estimated β coefficients. For example, the weights for the

dollar - yen exchange rate continuously jump between zero and one (β = 30.9) whereas

the weights for CPI move slowly approximately between 0.2 and 0.8 (β = 1.3). The fluc-

tuations in the fundamentalist weights can be explained by the movement in the price

deviation xt as shown in Figure 4. For example, the fundamentalist weight for gold is zero

between 2003 and 2012 with the exception of a single spike in 2005. This corresponds

with the run-up in gold prices as illustrated by a prolonged increase in xt in Figure 4.

Furthermore, we can recognize the crash in the US housing market in 2006 by the corre-

sponding spike in the fundamentalist weight. This switches to a spike in chartist weight

in 2009 as the price undershoots the fundamental value.

Figure 6 presents the estimated market sentiment, defined by nFtφF + nCtφC , for

the assets for which we find significant switching. When this parameter exceeds one, the

market expects an increase of |xt|. When this is the case, we can speak of a locally unstable

system because at that point in time price is not converging towards the fundamental

equilibrium point of xt = 0; further below we study the global stability properties of the

estimated asset classes.

Figure 6 shows that market sentiment follows the inverse pattern of the fundamentalist

weights, which is by construction. This implies that when the weight on chartists is high,

the aggregate market impact is more likely to be destabilizing. For a number of assets, we

observe that sentiment is above one in certain periods (housing, CPI, and dollar-pound).

In such episodes, agent behaviour is destabilizing, driving the price further away from its

fundamental value. Especially the housing markets shows periods of strong instability

with peaks to 1.3, implying that market participants expect mispricing to grow by 30%

over the next quarter.

Whereas Figure 6 shows that for certain asset classes there are periods of market in-

stability, we cannot conclude anything about the global stability of the estimated models,

as studied in Section 2.2 above. To study the global stability of the model using the set of

estimated coefficients per asset class, we take a simulation approach. Specifically, we take

the set of estimated coefficients and run deterministic simulations to examine whether
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Figure 5: Fundamentalist Weights

Notes: This figure presents estimated fundamentalist weights nFt for each asset class over time.
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Figure 6: Market Sentiment

Notes: This figure presents the estimated market sentiment over time for the assets for which we
find significant switching, defined as nFtφF + nCtφC .
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the market price converges to its fundamental equilibrium xt = 0. We set the starting

values equal to x0 = 1 and nFt = nCt = 0.5. Figure 7 presents the simulated price paths.

The top six panels of Figure 7 present the first 100 periods of the simulation for

six asset classes; prices are kept constant for the first ten periods8. For the currencies

and the commodities, we observe that the price falls to the fundamental value, i.e., xt

converges to zero. Although there is some variation in the speed of mean reversion, which

is somewhat higher for the commodities than for the currencies, the market dynamics are

globally stable for all four asset classes. Figure 6 showed that the dollar-pound market

is locally unstable at points, but this does not translate to global instability although we

do observe that mean-reversion is slowest for the dollar-pound currency within the group

of currencies and commodities.

The results are somewhat different for the macro-economic assets. For the CPI, we

observe that the price does not converge to the fundamental value within the first 100

periods of the observations; x100 = 0.312. For the house price index, we observe an

explosive price path over the first 100 observations with x100 = 34.702. To see what

happens after the first 100 periods, the bottom two panels of Figure 7 depict the first 700

periods of the simulation paths for the macro-assets. The CPI is highly persistent, but it

does converge towards the fundamental equilibrium. The simulated house price, however,

peaks at 3.35 · 109 in period 583 after which it drops and converges to the fundamental

equilibrium xt = 0.

Whereas Figure 7 presents the simulated price paths, Figure 8 presents the simu-

lated fundamentalist weights nFt for the first 700 periods. Whereas the currencies and

commodities all converge to the fundamental equilibrium within a reasonable number of

periods, Figure 8 shows that the out-of-equilibrium dynamics are quite different across

assets. For the dollar-yen currency pair and gold we observe that all agents immediately

switch towards fundamentalism, causing xt to converge to zero relatively quickly. For

dollar-pound, the fraction of fundamentalists remains constant at its starting value of

0.5. This reflects the effect of the relatively low estimated β. For the oil market, weights

also remain constant at 0.5 until period 120, after which it jumps to 0.9. The macro-

economic variables show again a different picture. For the CPI, we observe a constant

wiggle in the fraction of fundamentalists, although the amplitude is extremely small. The

8We do not include equity as we did not find significant evidence for behavioural heterogeneity. As a
result, the model is stable by definition as φ < 2 for equity in the top half of Table 2.

22



Figure 7: Deterministic Skeleton: Simulated X

Notes: This figure presents the price divergence from fundamental value xt obtained from simulations
using the estimated coefficient sets.
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Figure 8: Deterministic Skeleton: Simulated nFt

Notes: This figure presents the fundamentalist weights nFt obtained from simulations using the
estimated coefficient sets.
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simulated fraction of fundamentalists in the housing market remains constant at 0.5 for

the first 500 periods. With nFt = 0.5, market sentiment nFtφF + nCtφC = 1.04 causing

the explosive price path. At approximately t = 600, nFt jumps to 0.7, causing sentiment

to drop below unity and thereby xt to converge to zero.

5 Robustness

The choices we made for the benchmark configuration presented in the previous section

were based on maximizing the number of assets and maximizing the comparability across

assets. The question is whether these choices affect the empirical findings. Therefore, in

this section we estimate the model under different configurations to see whether the main

results about agent behaviour and corresponding market stability continue to hold. In

each test we run, the number of assets or the cross-market comparability will be affected,

but it will allow us to draw inference on the sensitivity of the results.

5.1 Monthly Data

First, we estimate the model using monthly data rather than quarterly data. This

has the consequence that the housing market drops out because monthly data are not

available. It might help, though, in finding more reliable coefficient estimates as can be

seen in the Appendix that the estimation is sensitive to small-sample issues. We use the

same moving-average length in calculating the fundamental value (5 years) and memory

length in the switching function (I = 1 period). Table 3 presents the results.

The estimation results using monthly data in Table 3 are highly comparable with those

using quarterly data in Table 2. Although the exact coefficient estimates are somewhat

different, the rankings in terms of persistence and switching are equivalent. The stability

properties of the estimated models are comparable. Specifically, all assets converge to the

fundamental equilibrium apart from the US dollar - UK pound exchange rate. This was

not the case in the quarterly data, although we did find local instability for that market.

5.2 Exogenous Fundamental

In the benchmark case we used a moving average of the price level as a proxy for the

fundamental value. By doing so, we implicitly assumed that market prices mean-revert to
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Table 3: Estimation Results Monthly

Equity Currencies Commodities Macro
S&P500 USDJPY USDUKP Gold Oil CPI

Static
φ 1.964*** 1.965*** 1.950*** 1.959*** 1.925*** 1.998***

(150.4) (134.9) (129.1) (146.6) (96.26) (514.2)
c 0.003 -0.001 -0.001 0.001 0.002 0.000

(1.562) (-0.519) (-0.684) (0.371) (0.475) (0.411)

LL 1133.0 1244.0 1287.2 725.4 450.0 2642.6
Obs 594 594 594 498 474 594

Switching
φC 1.010*** 0.996*** 1.009*** 1.015*** 0.989*** 1.039***

(35.53) (122.0) (33.66) (92.14) (8.122) (304.9)
φF 0.946*** 0.949*** 0.911*** 0.961*** 0.939*** 0.792***

(31.66) (79.23) (29.17) (105.0) (7.599) (43.26)
β 1.276 777.9 3.093 9.009 1.787 2.269***

(0.654) (0.030) (0.729) (0.889) (0.101) (32.44)
c 0.003* -0.001 -0.001 0.000 0.002 0.001

(1.735) (-0.835) (-0.606) (-0.066) (0.458) (4.084)

LL 1133.9 1247.9 1292.6 729.5 450.1 2742.3
Obs 594 594 594 498 474 594
PφF=φC 0.261 0.001 0.095 0.001 0.838 0.000
Stability FP FP EX FP FP FP

Notes: This table shows the results of estimating Equation (15) on monthly data using the
moving-average fundamental value proxy. *, **, *** represent significance at the 10%, 5%, and
1% level, respectively. PφF=φC

denotes the P-value of the Wald test on equality of parameters
φF and φC . FP denotes fixed point; EX denotes explosive.
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their fundamental value in the long run, which is reasonable. To test the sensitivity of the

results to this choice, though, we re-estimate the model using an exogenous fundamental

value for the asset classes for which this is possible. We do this for the asset classes for

which there is an economic model available, that can also reasonably be assumed to be

used by the (boundedly rational) agents in our model9. We obtain fundamentals for the

assets under consideration in the following way:

• Equities : Dividend-discounted model, as in Boswijk et al. (2007), based on p∗t =

Yt(1 + g)/(r − g), in which Yt is dividend, g is the growth rate of dividends, and r

the discount rate.

• Foreign exchange : Purchasing power parity (PPP) model, as in ter Ellen et al.

(2013). We take the PPP exchange rates as calculated by Datastream.

• Housing : Dividend discount model, using rents as dividends, as in Kouwenberg

and Zwinkels (2014).

Figure 9 plots the market prices together with their corresponding fundamental values

for the variables for which we have an exogenous fundamental value.

Even though it is impossible to say that the fundamental values are correct, the

figures illustrate that the chosen fundamental value proxies behave as one expects from

a fundamental value. Specifically, we observe that the market price oscillates around the

fundamental value proxies in all four cases10, and that the fundamental value follows a

more stable path than the market prices (Shiller (1981)). Note that this also indicates that

the moving-average in the benchmark configuration represents a reasonable fundamental

value proxy.

Table 4 presents the estimation results using the exogenous fundamental values. The

estimation results with exogenous fundamental values are again highly comparable with

the benchmark results, especially for the dollar-pound currency pair and the housing

market. The intensity of choice β is consistently around 30 for the dollar-yen and around

2 for the housing market. The estimates are slightly different for the equity market and

9The commodities and CPI drop out because they do not yield a cashflow making it challenging to
obtain an exogenous fundamental value.

10Johanssen cointegration tests indicate that the price and fundamental value series are cointegrated
for all four assets. Results available on request.
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Figure 9: Exogenous Fundamentals

Notes: This figure presents the fundamental value proxies based on exogenous models and data
combined with the actual market values.
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Table 4: Estimation Results with Exogenous Fundamental

Equity Currencies Macro
S&P500 USDJPY USDUKP House

Static
φ 1.960*** 1.922*** 1.916*** 1.989***

(71.50) (44.12) (43.45) (174.8)
c 0.006 -0.004 0.007 0.001

(1.033) (-0.737) (1.388) (0.970)

LL 235.1 305.5 319.3 616.0
Obs 207 209 197 207

Switching
φC 0.984*** 0.978*** 0.959*** 1.586***

(71.16) (41.46) (50.73) (14.08)
φF 0.628*** 0.920*** 0.660*** 0.247*

(10.95) (25.37) (32.31) (1.797)
β 52954 33.68 42.26 1.802***

(0.000) (0.204) (0.370) (23.04)
c 0.003 -0.006 0.010** 0.000

(0.582) (-0.973) (2.399) (0.181)

LL 236.6 306.8 323.5 748.0
Obs 207 209 197 207
PφC=φF 0.000 0.114 0.000 0.000
Stability FP FP FP FP

Notes: This table shows the results of estimating Equation (15)
on quarterly data with fundamental values based on exogenous
data. *, **, *** represent significance at the 10%, 5%, and 1%
level, respectively. PφF=φC

denotes the P-value of the Wald test
on equality of parameters φF and φC . FP denotes fixed point; EX
denotes explosive.
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the dollar-pound. Results for the equity market are somewhat mixed. The likelihood ratio

test still indicates that switching has no added value, but the Wald test now indicates

that φF 6= φC . The dollar-pound results now indicate somewhat more intense switching

than before.

5.3 The Effect of Memory

In the benchmark configuration we assumed that agents only consider the most recent

period in comparing the relative performance of groups when deciding on which forecast-

ing rule to use in the next period, i.e., I = 1. In this subsection we study the effect of

this choice by increasing I to 2, 4, and 8, i.e., six months, one year, and two years. Table

5 presents the results.

Table 5 presents a clear trend regarding the effect of increasing the memory parameter.

A higher I is consistently accompanied by a decrease in the added value of switching.

These results suggests that agents in the markets we consider do not consider more than

one quarter of past performance when deciding to switch between groups.

5.4 Heterogeneous Beliefs about Returns

The model in Section 2 is written in terms of deviations from the fundamental value,

xt. The question is whether this choice is important for the estimation results. Therefore,

we also estimate the model in terms of returns (as in, for example, ter Ellen and Zwinkels

(2010))11.

To illustrate the difference between the models estimated in deviations from the fun-

damental value and in returns, we will also estimate BH98 on returns. Considering this

model has slightly different behavioural rules and properties we will now briefly introduce

the BH98 model in returns. The price change of the asset is a weighted average of the

expectations of fundamentalists and chartists.

∆pt = nFtEF,t−1(∆pt) + nCtEC,t−1(∆pt) (16)

11The underlying reason of this difference lies in the implicit assumption about market clearing. Specif-
ically, the model in deviations assumes that markets clear based on a Walrasian auctioneer. The model
in returns is disequilibrium model in which a market maker adjusts prices consistent with excess demand.
See Hommes (2006) for an in-depth discussion about the micro-structure of agent-based models
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Table 5: The Effect of Memory

Equity Currencies Commodities Macro
S&P500 USDJPY USDUKP Gold Oil CPI House

I = 2
φF 0.942*** 0.932*** 1.078*** 1.026*** 0.904*** 1.075*** 1.344***

(25.72) (37.01) (9.952) (31.49) (16.70) (64.49) (39.74)
φC 0.900*** 0.935*** 0.665*** 0.643*** 0.439** 0.907*** 0.735***

(15.03) (13.36) (4.649) (9.461) (2.581) (27.03) (24.32)
β 36.68 0.000 1.931 7.670 51.35 1.671*** 2.166***

(0.146) (0.431) (0.924) (1.329) (0.330) (4.739) (9.236)

PφF=φC 0.612 NA 0.078 0.000 0.012 0.000 0.000
I = 4

φF 1.147** 1.847** 1.267*** 2.043** 1.156 1.135*** 1.275***
(2.256) (2.279) (3.499) (2.484) (1.629) (13.15) (29.98)

φC 0.652 -0.088 0.505 -0.404 0.439 0.772*** 0.815***
(1.268) (-0.111) (1.370) (-0.508) (0.588) (7.653) (24.12)

β 0.547 -0.575 0.658 -1.061*** -0.707 -1.394*** -2.400***
(0.461) (-1.472) (1.131) (-4.863) (-0.336) (-5.225) (-6.768)

PφF=φC 0.628 0.226 0.293 0.129 0.620 0.040 0.000
I = 8

φF 1.172 2.064 1.173 1.611 1.133 1.288*** 1.176***
(1.238) (1.386) (0.331) (1.195) (1.231) (3.270) (24.82)

φC 0.642 -0.306 0.656 0.156 0.439 0.625 0.905***
(0.673) (-0.212) (0.186) (0.123) (0.459) (1.597) (25.97)

β -0.371 0.601 -0.129 -0.772* 1.224 1.096*** 3.090***
(-0.278) (1.387) (-0.067) (-1.815) (0.273) (4.257) (3.421)

PφF=φC 0.780 0.419 0.942 0.578 0.711 0.398 0.001

Notes: This table shows the results of estimating Equation (15) on quarterly data using the moving-
average fundamental proxy while varying the memory parameter I. *, **, *** represent significance at
the 10%, 5%, and 1% level, respectively. PφF=φC

denotes the P-value of the Wald test on equality of
parameters φF and φC .
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Table 6: Estimation Results for Model in Returns

Equity Currencies Commodities Macro
S&P500 USDJPY USDUKP Gold Oil CPI House

Static
φF -0.053 -0.054 -0.099* 0.056 -0.225** 0.116*** -0.028***

(-0.941) (-1.008) -(1.809) (1.296) (-2.080) (5.562) (-4.433)
φC 0.299* 0.204 0.378** 0.258* 0.151 0.689*** 2.026***

(1.962) (1.255) (2.611) (1.916) (1.105) (6.569) (38.93)
c 0.017** -0.007 -0.003 0.008 0.019 0.001 0.002***

(2.618) (-1.446) (-0.858) (1.002) (1.065) (1.035) (4.216)

LL 217.0 273.4 304.5 168.2 30.5 686.7 742.0
Obs 190 190 190 158 150 190 189

Switching
φF -0.053 -0.094* -0.099 0.049 -0.665*** 0.032** -0.014*

(-0.930) (-1.844) (-1.611) (1.573) (-5.581) (2.191) (-1.866)
φC 0.299** 0.168 0.378** 0.271** -0.056 0.751*** 1.321***

(1.961) (0.939) (2.609) (2.635) (-0.626) (13.41) (14.46)
β 0.000 7.049 0.000 18.28 76.29 7.807 1.743***

(0.000) (0.430) (0.000) (0.431) (0.393) (1.286) (8.810)
c 0.017** -0.007 -0.003 0.009 0.013 0.003*** 0.001***

(2.616) (-1.629) (-0.842) (1.272) (0.796) (3.744) (3.102)

LL 217.0 274.0 304.5 169.8 37.3 694.6 751.1
Obs 190 190 190 158 150 190 189
LR 0.00 1.30 0.00 3.09 13.66 15.83 18.07

Notes: This table shows the results of estimating the model in terms of returns ∆pt rather than
deviations from the fundamental value pt−p∗t using quarterly data. *, **, *** represent significance
at the 10%, 5%, and 1% level, respectively.

Fundamentalists expect the price to revert to its fundamental value:

EF,t−1(∆pt) = φF (p∗t−1 − pt−1) (17)

Chartists extrapolate past returns:

EC,t−1(∆pt) = φC(pt−1 − pt−2) (18)

The weights of the two groups are determined in the same way as in Equation (12),

and the performance depends on the forecasting abilities of each strategy:

πht =
I∑
i=1

|∆pt−i − Eh,t−i−1∆pt−i| (19)
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Table 6 presents the estimation results for the model in returns, again using quarterly

data, I = 1, and a fundamental proxy based on a moving-average of the price level.

The estimation results for the model in returns shows a clear presence of both funda-

mentalists and chartists: For most assets, we find a negative φF suggesting the presence

of fundamentalists, and a positive φC suggesting the presence of chartists. The CPI

constitutes the exception, as fundamentalists expect the price level to deviate further

from the fundamental value. This finding could be driven by the strong upward trend in

the CPI combined with the moving average fundamental that is by construction lagging

behind the current price level. The switching results indicate that the dynamic model

adds explanatory power to the model for the commodities and the macro-variables, but

not for the equity market and the currencies. Within these assets, the ranking of speed

of switching is comparable to the other configurations above. The consistency for the

housing market is striking: again we find a β roughly equal to 2.

6 Conclusion

We have estimated a generic heterogeneous agent model on various asset classes, rang-

ing from macro-economic variables such as CPI and house prices, to fast moving financial

markets such as the foreign exchange market. We find that whereas switching is more

intense in financial assets, the macro-economic variables are more unstable in the sense

that behavioural bubbles have a higher probability of occurring. Our findings are qual-

itatively robust to the choice of fundamental, data frequency, and model configuration.

The results have important implications for policymakers because whereas the focus has

typically been on the risk of financial market volatility, we find that slow-moving macro

variables pose a bigger threat to financial-economic stability.
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Appendix

One of the reasons why we use the normalized profit measure is ease of estimation.

To illustrate this point, we run a simulation and estimation exercise. Specifically, we run

stochastic simulations of the model, adding a noise term εt ∼ (0; 0.1), with φF = 0.8 and

φC = 1.1. We set I = 1 and vary β in the simulation from zero to two with steps of 0.04.

Subsequently, we estimate the model on the simulated data using maximum likelihood.

We do this 1, 000 times for each level of β, with 22012 or 1, 000 observations per run to

study the effect of small samples. The distribution of estimated values of β̂ will allow us

to draw inference about the accuracy and efficiency of the estimation procedure. Figure

10 presents the average as well as the standard error of the 1, 000 estimated β̂’s for each

level of β for t = 220.

Panel (a) of Figure 10 displays the results for the model with absolute profit differ-

ences. The upper left figure shows the average estimated β̂. Whereas the actual β ranges

from zero to two, the estimated β̂ hovers around 1, 000 with a high level of variation. The

rough coefficient estimate, therefore, is not informative about the underlying switching

mechanism. We therefore winsorize the coefficient estimates at the 10% level13. The

resulting figure, in the lower left panel, shows an upward sloping line from a little below

zero to two, reflecting the underlying β values.

Panel (b) of Figure 10 displays results for the model with relative profit differences.

The upper left figure shows a noisy, but clearly upward sloping line. Whereas the actual

values range from zero to two, the estimates appear to range from zero to approximately

100. The standard error of the estimated β̂s is substantially lower (approx. 20 times) than

for the model with absolute profit differences. After winsorizing the coefficient estimates

at the 10% level, we observe a very smooth line exactly reflecting the actual underlying

β’s in the lower left panel. The standard errors are also very low, and appear to decrease

as the underlying β increases. Overall, it is clear that the estimation produces much more

accurate and efficient estimates for the model with relative profit differences.

To formalize the findings in Figure 10, we estimate the following equation β̂i = c1 +

c2βi + εi. An unbiased β̂i should give c1 = 0 and c2 = 1. Table 7 presents the results.

The upper half of Panel (a) in Table 7 shows results for the absolute profit differences.

12This is roughly equal to the number of observations we have in the empirical part of the paper.
13Specifically, we remove the 10% highest values of

∣∣∣β̂∣∣∣.
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Figure 10: Estimation

(a) Absolute profit difference
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(b) Relative profit difference

-200

-100

0

100

200

300

5 10 15 20 25 30 35 40 45 50

Coefficient Estimate

0

1

2

3

4

5

5 10 15 20 25 30 35 40 45 50

Standard Error

0.0

0.4

0.8

1.2

1.6

2.0

5 10 15 20 25 30 35 40 45 50

Winsorized Coefficient Estimate

.0004

.0006

.0008

.0010

.0012

.0014

.0016

5 10 15 20 25 30 35 40 45 50

Winsorized Standard Error

Notes: This figure shows estimated β coefficients for the absolute versus relative profit difference
based on t = 220. The y-axis of the left column denotes the estimated β value, whereas the x-axis
denotes the ’true’ β of the underlying DGP, multiplied by 25. The y-axis of the right column denotes
the estimated standard errors for different values of β.
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Table 7: Estimation Bias

Coeff. St.Err. Win. Coeff Win. St.Err.
Panel (a): t = 220

Absolute profit difference
c1 682.285*** 20.101*** -0.743*** 0.009***

(4.778) (8.067) (-7.082) (-27.816)
c2 230.504 2.621 1.350*** -0.001***

(1.492) (1.054) (18.433) (-2.072)
R2 0.01 -0.01 0.89 0.06

Relative profit difference
c1 -41.915*** 0.792*** 0.151*** 0.001***

(-3.313) (2.872) (5.318) (14.520)
c2 87.813*** 0.544*** 0.825*** -0.000***

(7.102) (2.217) (37.912) (-5.352)
R2 0.48 0.07 0.99 0.73

Panel (b): t = 1,000
Absolute profit difference

c1 -18.451 5.807* -0.020* 0.002***
(-0.181) (1.746) (-1.692) (47.62)

c2 399.84*** 6.913* 1.009*** 0.000**
(3.025) (1.878) (54.72) (-2.601)

R2 0.11 0.03 0.98 0.11
Relative profit difference

c1 -0.019 0.006 0.097*** 0.000***
(-0.117) (1.389) (8.897) (15.21)

c2 1.318*** 0.003 0.906*** 0.000***
(5.864) (0.503) (108.23) (-3.557)

R2 0.50 -0.02 1.00 0.54

Notes: This table shows the results of estimating β̂i = c1+c2βi+εi using
β̂ estimates from simulated data. An unbiased β̂i should give c1 = 0
and c2 = 1. *, **, *** represent significance at the 10%, 5%, and 1%
level, respectively.
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Consistent with Figure 10, we observe that the estimated β̂ is not informative regarding

the actual β. After winsorization, we do observe a positive and significant c2, although

it is significantly larger than unity. The winsorized standard error decreases somewhat

as β increases. The lower half of Panel (a) in Table 7 shows the results for the relative

profit differences. The raw β̂ estimates show a positive correlation with β, although the

c2 coefficient is far too high. After winsorization, the estimates are very well behaved,

with c1 = 0.151 and c2 = 0.825.

Panel (b) in Table 7 presents the results for the simulation of t = 1, 000 periods.

Overall, the results are very similar to those with t = 220 indicating that the differences

between the models with absolute and relative profit differences are not driven by the

small sample issue. We do observe that the non-winsorized results are somewhat stronger

for the longer simulation paths. This implies that the longer simulation paths eliminate

some of the extreme values in the β estimates.
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